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For a salesman who has to visit 5 cities. following are the ways of his tour plan

(a)nt. {By(n+ N -l (dyn.

The assignment problem '

{a) requires that only ona activity be assigned to each resource.

{b) Is a special case of transportation problem.

{c) can be used to maximize resources.

{d) all of the above.

Th&::;imr;nntalgonhm is appficable to which of the following combined situations for the purpoca of improving

1. Idonﬂwﬁthﬁonofsalosforce-maﬂcel 2. Schaduling of operator machine, 3. Fixing machine location.

Select the correct answer using the codes given below.

Codes:(a)1,2and 3 (b)1and 3 (c)2and 3 (d)1and2.
. IES (Mech.) 1998]

Answers
1.(d) 2.{a) 3. (a) 4. (c) 5. (a) 6. (c) 7. (&} 8.{c) 9.(c)

10. (d} 11.{c)
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Network MopeLs : PERT/CPM

8.1. INTRODUCTION

A project defines a combination of interrelated activities which must be executed in a certain order before the
entire task can be completed. The activities are interrelated in a logical sequence in such a way that some
activities cannot start until some others are completed. An activity in a project is usually viewed as job
requiring time and resources for its completion. Until recently, planning was seidom used in the design phase.
As the technological development took place at a very rapid speed and the desi gns become more complex with
more inter-departmental deperidence and interaction, the need for plannin g in the development phase become
inevitable.

Until five decades ago, the best known ‘planning tool’ was the so called Gantr bar chart which specifies
the start and finish times for cach activity on a horizontal time-scale, but. the disadvantage is the
interdependency between different activities (that mainly controls the progress of the project) which cannot be
‘determined from the bar chart, Growing complexities of modern projects have demanded more systematic and
effective planning techniques with the objective of optimizing the efficiency of executing the project.
Efficiency implies effecting the utmost reduction in the time required to complete the project while accounting
for economic feasibility of using available resources. Project management has evolved as a new field with the
development of two ‘analytic’ techniques for planning, scheduling and controlling of projects. These are the
Critical Path Method (CPM) and the Project Evaluation and Review Technigue (PERT).

8.2. HISTORICAL DEVELOPMENT OF PERT/CPM TECHNIQUES

In 1956-58, above two techniques were developed by two different groups almost simultaneously. CPM was
developed by Walker from E.L. du pont de Nemours Company to solve project schedulin g problems and was
later extended to a more advanced status by Mauchly Associates. During the same time, PERT was developed
by the team of engineers working on the polar’s Missile programme of US Navy. This was a large project
involving many departments and there were many activities about which they had a very little information
about the duration of the project. Under such conditions, the project was to be completed within a specified
time. To coordinate activities of various departments, this group used PERT and devised the technique
independent of CPM.

The methods are essentially network-oriented techniques using the same principle. PERT and CPM are
basically time-oriented methods in the sense that they both lead to the determination of a time schedule for the
project. The significant difference between two approaches is that the time estimates for the different activities
in CPM were assumed to be deterministic while in PERT these were described probabilistically. Now a days,
PERT and CPM actually comprise one technique and the differences, if any are only historical. Therefore,
these iechniques are referred to as ‘project scheduling’techniques.

Q. Distinguish between PERT and CPM techniques. {VTU (BE Mech.) 2002]

8.3. APPLICATIONS OF PERT / CPM TECHNIQUES

These methods have been applied to a wide variety of problems in industries and have found acceptance even
in government organizations.
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These include : .

(/) -construction of a dam or canal system in a region, (if) construction of a building or highway,
(iif) maintenance or overhaul of aeroplanes or oil refinery, (iv) spacc flight,

(v) cost control of a project using PERT/COST, (vi) designing a prototype of a machine,
(viiydevelopment of supersonic planes.

8.4. BASIC STEPS IN PERT/CPM TECHNIQUES

Project scheduling by PERT/CPM consists of four main steps :

1. Planning. The planning phase is started by splitting the total project into small projects. These
smaller projects, in tum, are divided into activities and are analysed by the department or a section, The
relationship of each activity with respect to other activities are defined and established, and the corresponding
responsibilities and the authority are aiso stated. Thus, the possibility of overlooking any task necessary forthe
completion of the project is reduced substantially.

2. Scheduling. The ultimate objective of the scheduling phase is to prepare a time chart showing the
start and finish times for each activity as well as its relationship to other activities of the project. Moreover, the
schedule must pinpoint the critical path (in view of time) activities which require special attention if the project
is to be completed in tinie. For non-critical activities, the schedule must show the amount of slack or float times
(defined later) which can be used advantageously when such activities are delayed or when limited resources
are to be utilized effectively. In this phase, it is possible to resource requirements such as time, manpower,
money machines, etc. :

3. Allocation of Resources. Allocation of resources is performed to achieve the desired objective. A
resource is a physical variable such as labour, finance,equipment and space which will impose a limitation on
time for the project, When resources are limited and conflicting, demands are made for the same type of
resources a systematic method for allocation of resources become essential. Resource allocation usually incurs
a compromise, and the choice of this compromise depends on the judgement of managers. -

4. Controlling. The final phase in project management is controlling. Critical path methods facilitate
the application of the priciple of management by expectation to identifying arcas that are critical to the
completion of the project. By having progress reports from time to time and updating the network
continuously, a better financial as well as technical control over the project is exercised. Arrow diagrams and
time charts are used for making periodic progress reports. If necessary, new course of action is determined for

the remaining portion of project.
8.5 NETWORK DIAGRAM REPRESENTATION

In project scheduling, the first step is to sketch an arrow diagram which shows inter-dependencies and the
precedence relationship among activities (as defined below) of the project. In a network representation of a
project, certain basic definitions are used.

1. Activity. Any individual operation, which utilises resources and has an end and a beginning, is called
activity. An arrow is commonly used to represent an activity with its head indicating the direction of progress
in the project. These are usually classified into following four categories :

(i) Predecessor activity. Activities that must be completed immediately prior to the start of another

activity are called predecessor activities. '

(i) Successor activity. Activities that éannot be started until one of more of other activities are
completed, but immediately succeed them are called successor activities.

(iii) Concurrent activity. Activities which can be accomplished concurrently are known as concurrent
activities. It may be noted that an activity can be a predecessor Or a Successor {0 an event or it may be
concurrent with one or more of the other activities.

(iv) Dummy activity. An activity which does not consume any kind of resource but merely depicts the
technological dependence is called a dummy activity. ‘

It may be noted that the dummy activity is inserted ip the network to clarify the activity pattemn in the
following two situations :

(¢) to make activities with common starting and finishing points distinguishable, and
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(éf) to identify and maintain the proper precedence A )8 (DL .G
relationship between activities that are nolt)cconnected by @ 2 35/ O
events.

For example, consider a situation where A and B are
concurrent activities, C is dependent on A, and D is dependent
on A and B both. Such a situation can be handled by using a
dummy activity as follows (Fig. §.1.):

In another situation, consider the following diagram
where job B and C have the same job reference and they can be
started independently on completion of A. But, D could be started
only after completion of B and C. This relationship is shown by
the dotted line (Fig. 8.2.).

.2. Event. An event represents a point in time signifying the Dummy Activity
completion of some activities and the beginning of new ones. This 1
is usually represented by a circle ‘O’ in a network which is also '
called a node or connecior, (7)

The events can be further classified into following three
categories (as shown below in the figure) : :

(i). Merge event. When more than one activity comes and Fig. 8.2.

joins an event, such event is known as merge event,
(i5) Burstevent. When more than one activity leaves an event, such event is known as a burst event.

(i57) Merge and burst event. An activity may be a merge and burst event at the same time as with respect

> o= S

Merge event Burst event Merge and Burst event

L
c ,/ Dummy Activity

D

Fig. 8.3.
to some activities it can be a merge event and with respect

to some other activities it may be a burst event, y ‘
‘Remarks : : f Activity i

1. A'n eventis g\:.t particular instant of ime at which some specific part
of a project has been or is to ba achieved. Whils, an activity is actual
performance of a task. An activity requires time and resources for  otart Event End Event
its complation,
Examples of events : design completed, pipe line laid,etc. Fla. 8.4
Examples of activities : assembly of parts, mixing of concrete, 9.24.
preparing budget, etc. SUCCESSFUL

2. Events are described by such words as ; complete, start, issue, approve, tested. CASING FOR FINISH
sto. . . CASTING . CASTING .
While, the word like : design, procure, test, develop, prepare etc.. shows that work .
1
L}
}
t
[}

1s being accomplished and thus represent activities. ‘

3. While drawing networks, it is assumed that ()) time flows from left to right, and (i)
head events always have number higher than that of tail event. Thus activity (/- j)
always means that the job which begins at event '/ ' is completed at avent '/

4. Network representation is based on the following fwo axioms : ‘ .
() An event is not said {0 be complete until all the activities flowing into it are LESIGN
completed. GEAR BOX TOOL
(#) No subsequent activity can bagin until its tail avent is reached or completed. Fig. 8.5

INustration. Designing tools for a gear box is an activiry. A decision to
start designing tools may depend on having a successful casing for gear-box casting.
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In terms of technological sequence, casting as such has little bearing on the tooling of the gear box, but the
management would prefer to have a successful casing before gear-box tool is designed. Thus the dependence
of gear-box tools on successful casing is shown as a dummy activity (Fig. 8.5.). '

It is also important to note that the length of the arc (or arrow) need not be proportional to the duration of
the activity nor does it have to be drawn as a straightline.

If the duration of each activity as well as their logical sequence is known, it can be shown on a network -
(Fig. 8.6). The duration may be measured in days.

Fig. 8.6. Activity duration on the network

3. Sequencing. The first prerequisite in the development of a network is to maintain the precedence
relationships. In order to make a network, following points should be taken into consideration :

() What job or jobs precede it ? (ii) What job or jobs could run concurrently ?

{iif) What job or jobs follow it 7 (iv) What controls the start and finish of a job ?

Since all further calculations are based on the network, it is necessary that a network be drawn with full
care. There are many ways to draw a network. In this text, the method will be used which follows the
precedence table. It is generally agreed that dummy activities be used as liberally as needed in the first
attempt, while revising the same network, every attempt should be made to minimize them,

The following example of water pump shows basic steps required in drawing a network.

Illustration. A new type of water pump is to be designed for an automobile. Major specifications are
given. Following list represents major activities for effective control of the project :

(i) Drawings prepared and approved (i) Cost analysis (iii) Tool feasibility {economics)

(iv) Tool manufactured (v)Favourable cost (vi) Raw materials procured

(vii) Sub-assemblies ordered (viii) Sub-assemblies received (ix) Parts manufactured

(x) Final assembly (xf) Testing and shipment.

Based on this available information, a precedence table may be formed (Table 8.1).
Precedence Table 8.1.

Activity Description Preceding Activity
A Drawing prepared and approved

Cost analysis

Tool feasibility (economics)

Tool manufactured

Favourable cost

Raw materials procured

Sub-assemblies ordered

Sub-assemblies received

Parts manufactured

Final assembly

Testing and shipment

In this table, due consideration has been given to precedings of an activity/activities. While drawing the

network, other factors will be considered. :

Step1. The activity ‘A’ has no preceding activity and is represented by an arrowed line (Fig 8.7).

Step2. Activities B and C are preceded by an activity ‘A’ and activities Band C could be done concurrently
(if resources are not binding). No other activity can be scheduled at this stage. This is shown in Fig.
8.8 .

Step3. The activity ‘D’ can be sequenced easily. Cost favourable activity ‘E’ cannot be scheduled unless
activities B and C are scheduled. Further, it is observed that dependence of ‘cost favourable activity’

mao
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O—a—0O

ity
Start Event Finish Event

Fig. 8.7 ' Fig. 8.8

on the ‘economy of tooling’ is from a ‘technical view-point’ and does not consume any resource, and

hence this dummy activity should be shown by a dotted line. Thus, the network up to this stage is
shown in Fig. 8.9.

Fig. 8.9 Fig. 8.10
Rest of the network is straight forward, and thus the complete network is shown is Fig 8.10.

8.6. RULES FOR DRAWING NETWORK DIAGRAM

Rules for drawing network diagrams are summarized as follows :
Rule 1. Each activity is represented by one and only one arrow in the network.

This implies that no single activity can be represented twice in the network. This is to be distinguished
from the case where one activity is broken into segments. In such a case, each segment may be represented by
a separate arrow. For example, in layingdown a pipe, this may be done in sections rather than as one job.

@ (b)

Fig. 8.1t

Rule2. Noitwo activities can be indentified by the same end events.

For example, activities a and b (Fig 8.11a) have the same end events.The procedure is to introduce a
dummy activity either between a and one of end events or between b and one of the end events, Modified
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representations after introducing the dummy d are shown in Fig. 8.11b. As a result of using the dummy d,
activities 2 and b can now be identified by unique end events. ' :
It must be noted that a dummy activity does not consume any
time or resources.

Dummy activities are also useful in establishing logic
relationship in the arrow diagram which otherwise cannot be
represented correctly. Suppose jobs a and b in a certain project
must precede the job ¢. On the other hand, the job e is preceded

by the job b only. Fig.8.12 (a) shows the incorrect way since, b &
though the relationship between a, b.and ¢ are cotrect, the __’O_—’
diagram implies that the job must be preceded by both the jobs a (a) _ {b)

and b, The correct representation using the dummy d is shown Fig. 8.12

obvious that indicated precedence relationships are justified,
Rule3. In order to ensure the correct precedence relationship in the arrow diagram, following questions
must be checked whenever any activity is added to the network. :
(i) What activity must be completed immediately before this activity can start ?
(ii) What activities must follow this activity ?
(iii) What activities must occur simultaneously with this activity ?

These rules, have already been illustrated by an illustration on page 943. Apart from this, a few important
suggestions for drawing good networks are given below,

Suggestions. If two or more individuals draw the same network for a given project, it seldom happens
that some of them will look alike. As a matter of fact, no two of them may even look similar. The reason is
that there are many ways to draw the same network. However, there will be same network representation
drawn from above set of rules which are much easier to follow than the other. Inthe case of a large network,
it is essential that certain ‘good habits’ be practised to draw an ‘easy to follow’ network.

(1) Tryto avoid arrows which cross each other.

(2) Use straight arrows.

(3) Donot attempt to represent duration of activity by its arrow length.

(4) Use arrows from left to right (or right to leff). Avoid mixing two directions, vertical and standing

arrows may be used if necessary.

(5) Use dummies freely inrough draft but final network should not have any redundant dummies.

(6) The network hasonly one entrypoint—called the start event and one point of emergence—called the end

event. ‘
In many situations, all these may not be compatible with each activity and some of them are violated. The
idea of having a simple network is to facilitaic easy reading for all those who are involved in the project.

8.6-1. Common Errors in Drawing Networks

Three types of errors are most commonly observed in drawing network diagrams.
(1) Dangling. To disconnect an activity before the completion of all activities in a network diagram is

known as dangling. As shown in the figure, activities (5—10) and (6—7) are not the last activities in the
network. So the diagram is wrong and indicates the error of dangling.

Dangling Error Diagram
Fig. 8.13 (b). Dangling Error Diagram
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(2) Looping (or Cycling). Looping error is also known as cycling error in a network diagram. Drawing
an endless loop in a network is known as an error of looping as shown in the following figure.

(3) Redundancy. Unnecessarily inserting the dummy activity ina network logic is known as the error
of redundancy as shown in the following diagram.

Redundancy Error

Looping (or Cycling} Error Diagram
Fig. 8.14. Looping {or Cycling) Error Diagram Fig. 8.15. Redundancy Error

8.7. LABELLING : FULKERSONS'’S ‘1-J’ RULE

For the network representations, it is necessary that various nodes be properly labelled. For convenience,
labelling is done on the network diagram. A standard procedure, called the 7-J* rule developed by D.R.
Fulkerson, is most commonly used for this purpose. Main steps of this procedure are :

(@) A start cvent is the one which has arrows emerging from it but none entering it. Find the start event
and number it as unity (1). ‘ ‘

(b) Delete all arrows emerging from all numbered events. This will create at least one new start event

- out of preceding events.

(c) Number all new start events ‘2’, ‘3°, and so on (no definite rule is necessary, but numbering from ‘rop
to bottom' may facilitate other users in reading the network when there are more than one new start
cvents.

{d) Goon repeating steps number (&) and {c) until the end is reached.

Now consider the network diagram of Fig. 8.6. for ‘labelling’ by Fulkerson's rule.

"Tonumber the nodes using Fulkerson’s rule, numbering of nodes 1 and 2 is obvious. Apply step 2. The
bottom node is the only node from jobs which is emerging out but none entering it. This is number 3.

Fig. 8.17
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Applying step 2 again, node number 4 is easily obtained and likewise 5 can also be determined.

Using step 2 again, there are two starting points, and ¢ither one of them could be numbered 6. Keeping in
view the case of numbers 4, 5 and 6 all in a row, the top node is numbered 6. Rest of the numbering procedure
is simple and the complete network with numbers is shown inFig 8.18.

(O—(—()

(D—(2] .
OGOQ

The importance of good numbering procedure can hardly be claimed in a simple network, but the
Fulkerson’s procedure has certain distinct advantages when the network is large. First, the Fulkerson’s
procedure will always detect a close loop in the network if there is any. In network methods, a close loop
represents an impossible event. Second, numbers are smaller toward the start side and become larger on the

end. A third advantage will become apparent when a matrix representation of the network is brought for
computerization. ' :

Q. Identity the rules for construction of a network.
A project consists of 12 jobs levelled A to L. The order in which the jobs are to ba carried out are : Job A comes firstand
procedes B, C and D, Both B and C must be done before E starts, and G and D must precede F, G and H can start as
soon as D is completed. Job J succeds E, F and G. Jobs | and K can start after H and | are completed. Job L comes after

Jand K.
{i) Draw the arow diagram for the project using as few dummies as possible. .
(i) Number the nodes using Fulkerson's nde. ~ [Bhubniashwar {IT).2004; VTV (BE Mech.) 2003]

8.8. TIME ESTIMATES AND CRITICAL PATH IN NETWORK ANALYSIS

Once the network of a project is constructed, the time analysis of the network becomes essential for planning
various activities of the project. An activity-time is a forecast of the time an activity is expected to take from
its starting point to its completion (under normal conditions). .

The main objective of the time analysis is to prepare a planring schedule of the project. The planning
schedule should include the following factors :

(1) Total completion time for the project.

(2) Earliest time when each activity can start.

(3) Latest time when each activity can be started without delaying the total project.

(4) Float for each activity, i.e.. the amount of time by which the completion of an activity can be delayed

without delaying the total project completion.
(5) Identification of critical activitics and critical path.

8.8-1. Basic Scheduling Computations
We shall use the following notations for basic scheduling computations.
()] = Activity (i, ) with tail eventi and head event Jj
Tgor E;= Earliest occurrence time of event i
TyorL;= Latest allowable occurrence time of event j
D, = Estimated completion time of activity (i,/)

(Es)y = Earliest starting time of activity (i, /)
(Effy = Earliestfinishingtime of activity (i, )
(Ls)y = Latest starting time of activity (i,/)

(ILfly = Latest finishing time of activity (, /)
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The basic scheduling computations can be put under the following three groups :

8.8-2. Forward Pass Computations (For Earliest Event Time) : [Meerut (OR} 2003]

Before starting computations, the occurrence time of initial network event s fixed. Then, the forward pass
computation yields the earliest start and earliestfinish time for each activity (i, j ), and indirectly the earliest
expected occurrence time foreach event. This is mainly done in three steps.

Step1. The computations begin from the ‘starr” node and move towards the ‘end’ node. For easiness, the
for\fvard pass computations start by assuming the earliest occurrence time of zero for the initial
projectevent.

Step2. (i) Earliest starting time of activity (i, ) is the earliest event time of the tail end event ie.,
(Es); = E,.

(i) Earliest finish time of activity (i, j) is the earliest starting time + the activity time i.e.,
(Ef)y=(Es);+ Dy or (ENy=E; + Dy
(¢ii) Earliest event time for event j is the maximum of the earliest finish times of all activities ending
into that event. That is,
E= max [(Ef); for all immediate predecessor of(i, j)] or E;= max [E; + Dy]

The computed ‘E” values are put over the respective circles representing cach event.

8.8-3. Backward Pass Computations (For Latest Allowable Time) [Meerut (OR) 2003]

The latest event times (L) indicates the time by which all activities entering into that event must be
completed without delaying the completion of the project. These can be computed by reversing the method of
calculation used for earliest event times. This is done in the following steps :

Step 1. For ending event assume E= L. Remember that all E’s have been computed by forward pass
computations. )

Step 2. Latest finish time for activity (i, j) is equal to the latest event time of event j, i.¢., (L= L.

Step 3. Latest starting time of activity (i, j ) = the latest completion time of (i, j) — the activity time.
or (Ls);= (Lj),:,- -D; or (Ls)ji=L; —Dy.

Step4. Latest event time for event i is the minimum of the latest start time of all activities originating from
thatevent, i.e.,

L= mjin {(Ls);; for all immediate successors of (i, )] = mjin [(LJ),-J- - Dyl= mjin ILi- Dyl

The computed 'L’ values are put over the respective circles representing each-event.

8.8-4. Determination of Floats and Slack Times

When the network diagram is completely drawn, properly labelled, and earliest (E) and latest (L) event
times are computed as discussed so far, the next object is to determine the floats and slack times defined as
follows :

There are mainly three kinds of floats as given below :

(1) Total float. The amount of time by which the completion of an activity could be delayed beyond the
earliest expected completion time without affecting the overall project duration time. [VTU (BE Mech.} 2003]

Mathematically, the total float of an activity (i - ) is the difference betwéen the latest start time and
earliest start time of that activity. Hence the rofal float for an activity (i —j), denoted by (Tf)y, can be
calculated by the formula :

(Tf)y; = (Latest start — Earliest start) for activity(i — j)
or (T = (Ls);; — (Es)y or (Thj=WL;— Dy ~E;
where E;, L; and Dy; are defined in sec.8.8-1. This is the most important type of float because of concerning
with the overall project duration.

(2) Free float. The time by which the completion of an activity can be delayed beyond the earliest
finish time without affecting the earliest start of a subsequent(succeeding) acitivity. [VTU (BE Mech.) 2003]

Mathematically, the free float for activity (i, ), denoted by (), canbe calculated by the formula :
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(Ffy= (E;j - E)-Dy

In other words, Free float for (i—))= (Earliest time for event J - Earliest time for event i)
— Activity time for (i, J}. .

This float is concerned with the commencement of subsequent activity.

Remarks

1. ‘We knowthat: (Thy=(L;- E) - Dy But. L;2 F; as latest eventtime is always greater than or equaltothe earliest event
time. Therefore,
(Thyz (- E)-Dy or (Thyz (Fhy
Honca for all activities, free ficat can take values from zero up to ‘otal float, but it cannot axceedtofal float.
2. Froe float is very useful for rescheduling the activities with minirmum disruption of earfier plans.

(3) Independent float. The amount of time by which the start of an activity can be delayed without
effecting the earliest start time of any immediately following activities, assuming that the preceding activity
has finished at its latest finish time. [VTU (BE Mech.) 2003)

Mathematically, independent floatof an activity (i, j) denoted by (/f)y can be calculated by the formula :

(If),-j = (Ej -L)- Dij
The negative independent float is always.taken zero. This float is concerned with prior and subsequent

activities.
Remarks :

1. It can be observed that independent float < Free float < Total float.

2. The concept of floats is useful for the management in representing under utilized resources and flexibility of the
schedule and the extent to which the resources will ba utilized on different acitivities.

3. The float can ba used for re-deployrment of resources to level the same or o reduce projact duration. However, one
should bear in mind that whenevar the floatin a particular activity is utilized, the fioat of not only that activity but that
of other activiies would also change.

(4) Interfering Float [C.A. (May) 92]
Utilization of float of an activity may affect the float times of the other activity in the network. Interfering
float is that part of total float which causes a reduction in the float of successor activities. It is the difference
between the latest finish time of activity in question and the earliest starting time of the following activity or
zero whichever is larger. It represents the portion of the float of an activity which cannot be consumed without
adversely affecting the float of the subsequent activities.
(5) Event slacks. For any given event, the event slack is defined as the difference between the latest
event and earliest event times. Mathematically, for agiven activity (i, j),
Head event slack = L; - E;, Tail event slack =L, - E;
All the floats defined earlier can be represented in terms of head and tail eventslacks also.
TOMI}!GG‘=LJ1—'E,'—D,J' ) .
Free float=E;— E; - Dy=(L;i— E,-Dyp)—(L;i— E)= Total float - Head event stack
Independent float = E; — L; ~ D;=(E-E;— Dy-(L—-E)= Free float — Tail event slack
(6) Time scale representation of floats and slacks
The various floats and slacks foran activity (i — j)can be represented on a time scale as shown below :

3 L . E, 4
1
L
! Total | Float
' Free
Dlj | Float
— Head
| tail ] ', Siack | \ndependent
Slack Dy . Float
t - Dii N
1 '
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Conclusions drawn from total float values ;
The value of total float for any activity is useful for drawing the following conclusions :

Total Float Vaiue

Nelgative 2‘ero Posiltive
Resources are not adequats Resources are just sufficient Resources ara extra
and activity may not finish in time to compiete the activity or say ld ,
: the activity cannot be delayed. One has the freedom to reallocate
Induct extra resources or say the rasources or the activity
critical path needs crashing in order . can be delayed by so much period.
to reduce the negative float. .
Q. 1. Briefly explain the four types of floats usad in Network Analysis, [CA. (May) 92]
2. Explain in briet the following tarms commonly usad in network of PERT/CPM. :
(i} Activity (ii) Event (iii) Dummy activity (iv) Path {v) Criticai path. {Mearut (OR) 2003; VTU (BE Mech.) 2002]

8.8-5. Determination of Critical Path

Before defining critical path, let us first discuss about the meanin g of critical event and critical activity.

Critical event. Since the slack of an event is the difference between the latest and earliest event times,
Le., slack (i) = L;— E,, the events with zero slack times are called critical events.

In other words, the event (i) is said to be critical ifE; =L,

Criticalactivity. Since the difference between the latest start time and earliest start time of an activity is
usually called as total float, the activities with zero total float are known as critical activities.

In other words, an activity is said to be critical if a delay in its start will cause a further delay in the
completion date of the entire project.

Obviously, anon-critical activity is such that the time between its carliest start and its latest completion
dates (as allowed by the project) is longer than its actual duration. In this case, non-critical activity is said to
have a slack or float time. ,

Critical Path. The sequence of critical activities in a network is called the critical path.

[Bhubneshwar (IT) 2004)

The critical path is the longest path in the network from the starting event to ending event and defines the
minimum time required to complete the project.

By the term ‘path’ we mean a sequence of activities such that it begins at the starting event and end at
the final event. The length of apath is the sum of the individual times of the activities tying on the path.

If the activities on critical path are delayed by a day, the project would also be delayed by a day unless the
times of the future critical activities are reduced by a day by different means. The critical path is denoted by
double or darker lines to make distinction from the other non-critical paths.

Main features of critical path. The critical path has two main features :

(#) Ifthe project has tobe shortened, then some of the activities on that path must also be shortened. The
application of additional resources on other activities will not give the desired result unless that
critical path is shortened first. ‘

(é) The variation in actual performance from the expected activity duration time will be completely
reflected in one-to-one fashion in the anticipated completion of the whole project.

The critical path identifies all critical activities of the
project. The method of determining such a path is
explained by the following numerical example.

Example 1. Consider the following network where
nodes have been numbered according to the Fulkerson's
rule. Numbers along various activities represent the
normal time (Dy) required to finish that activity, e.g.
activity (3)—(6) will take 5 days (months, weeks, hours
depending on the time units). For this project, we are Fig. 8.20.

~
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interested to find out the time it will take to complete this project.

What jobs are critical to the completion of the project in time, etc ?

Solution. For this, it is necessary to find out the earliest and the latest completion time for each activity in
the network. The earliest and the latest times are re-calculated by using forward pass’ and ‘backward pass’
computations, respectively.

To understand the procedure, we define :

E;= the earliest expected occurrence time of event J,
Lj= thelatest allowable event occurrence time forevent j.
This is the latest time by which the event j must be started without increasing the project
duration. .
Dy= the expected duration to complete the activity i—J.
The solution now starts by the forward pass computation.
Step 1. Determination of Earliest Time (E;) : Forward Pass Computation
The purpose of the forward pass computation is to find out earliest start times for all the activities.
For this, it is necessary to assign some initial value to the starting node 1. Usually this value is taken to
be zero so that the subsequent earliest time could be interpreted as the project duration up to that point
in question.
Rules for the computation are as follows :
Rule 1. Initial event is supposed to occur at time equal to zero, that is, £ =0.
Rule 2. Any activity can startimmediately when all preceding activities are completed.
The earliest time E; for node jis given by E;= max [Ei+ Dyl,

where i is the collection of nodes which precede node j.
Rule 3. Repeat step 2 for the next eligible activity until the end node isreached.
Numerical Calculation :
Consider the network (Fig. 8.20.) by assumption E; =0 and E; = max [E; + D).

For node 2, node 1 is the only predecessor and hence i = 1 contains only one element. Therefore,
Ey=E +D;;=0+2=2
Likewise, values of E3, E4, E5 and Eg can be computed as
Ey=E +D;;=0+2=2,E,=E, +Dy=0+2=2,Es=E;+Dys=2+4=6,Eg=E;+D3=2+5=17.
Consider node 7, where there are three emerging activities, i. e. Er= max {E;+Dpy),

The collection { consists of nodes 3,4 and 6 that are preceding. node 7. Therefore,

E—;=max[ Es‘!’D37=2+8'—" ]0, E4+D47=2+4='6,E6+D57=7+0=7]= 10
E3=max[E5+D53=6+2=8,E6+Dﬁg=7+4=l]]=11 ]
Eg=max [Eg+Dgg=11+3=14, E; + Dy =10+ 5=15%] = 15

and Ey=Eg+Dgo=15+4=19.. _

From this computation, it can be inferred that this job will take 19 days to finish as this is the longest path
of the network. Activities along this longest path are : 1—3, 3—7, 7—9 and 9—10. This longest path is called
the critical path. In any network, it is not possible that there can be only one critical path. For example, if in the
above network, let D = 6 days, then two critical paths exist having the same duration for completion of
project. : ‘

Step 2. Determination of Latest Time (L;) : Backward Pass Computation

In forward pass computation, the earliest time when a particular activity willbe completed is known. It is
also seen that some activities are not critical to the completion of the job. The question, a manager would like
to ask is : Can their starting time be delayed so that the total completion time is still the same ? Such aquestion
may arise while scheduling the resources such as : manpower, equipment, finance and so on. If delay is
altowable, then what can be the maximum delay ? For, this is the latest time for various activities which is
desired. The backward pass computation procedure is used to calculate the latest time for various activities. In
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the forward pass computation, assignment of E,=0 was arbitrary, likewise for the backward pass
computation, it is possible to assign the project terminal event the date on which the project should be over. If
no such date is prescribed, then the covention is of setting latest allowable time determined in forward pass
computation.

Rules of the backward pass computation ére as follows :
Rulel. SetL,=E; or Tg
where T, is the scheduled date for completion and E; is the earliest terminal time.,
Rule2. L;=min {L—D}, i.e.the latest time for activities is the minimum of the latest time of all succeeding
i

activities reducing their activity time.
Rule 3. Repeat rule 2 until starting activity is reached.
Latest times for activities of the network are calculated below :
By rule 1, set L= 19. Applying rule 2, itis (o determine Ly, Lg and L,
L9=n}in {Li=Dg ;} =19—-4=15forj=10.

Ly=min {L;— Dy ;} =Lg—Dg 9= 15-3=12 (j contains only onc node 9)
J

Ly=min{L;—Dq j} =lo—D74=15-5=10 ( j contains node 9).
J .

Now consider node 6. for this node, there are two succeeding activities, namely 6—8 and 6—7.

Hence, LGT;?;PB}%—Ds,j]:min[ i’:_g::; ]=min[ }g_g;ég ]=8
Slmllarly, L5=LE—D5'8=12-—2=10', ’ L4=L7—D4‘7=]0‘*4=6
tammin] (750 Jemin] 10325 J=2 damLa-Das=10-4-6
6-2=4
L|=min[Lj—D|‘j]=min[ 2-2=0% [=0.
i=234) 6-2=4

Fig. 8.21

The minimum value of L, = 0 is no surprising result. Since, started with L; = E,, it is always possible to
have L; =0. If this is not so, it means that some error is made in calculations of forward pass or backward pass
values. Fig. 8.21 shows earliest and latest times of each event.

Recall that path 1 —3—7—9—10 was defined as the critical path of this network. Along this path, it is
observed that the latest and earliest times are the same implying that any activity along this path cannot be
delayed without affecting the duration of the projcet.
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Step 3. Computation of Floats.

By definition, for the activity 8—9, the floatis one day (Lg— Eg=12 - i1 = I). This float represents the
amount by which this particular activity can be delayed without influencing the duration of the project.

Also, by definition, free float, if any, will exist only on the activities merge points. To iilustrate the
concept of free float, consider path 1—2—5—8-—9, total float on activity 8—9 is one day and since this is the
last activity prior to merging two activities, this float is free floar also. Similarly, consider the activity 5—38
which has a total float of 4 days but has only 3 days of free float because 1 day of frec float is due to the activity
8—09. If the activity 5—& is delayed up to three days, the early start time of no activity in the network will be
affected. Therefore, the concept of free float clearly states that the use of free float time will not influence any
succeeding activity float time.

If free float of any activity comes out to be negative, itis taken zero.

For example, independent float of (1, 2) = free float of (1, 2) = (L; - E}) =0 - (0 - 0) = 0.

Step 4. To Identify Critical Path _
The earlier calculation shows that the path or paths which have zero float are called the critical ones.
If this logic is extended little further, it would provide a guide rule to determine the next most critical path,
and so on. Such an information will be useful for managers in the control of projects. In this example, path
1—3-—8—9-—10 happens to be next to critical path; because it has float of one day on many of its activities.

Table 8.2,
Activity | Duration Start Finish Float

{i~i) (D) Earliest Latest Earliest Latest Total Free Independent

(1) 2) 3E [W=E-2E=3+Q2)] &L |[N=@)-O®=E-E-D; | N=38)—(Li-E)
-2 2 0 4 2 6 4 0 0

-3 2 4 ¢ 2 2 0 0 0

-4 2 0 4 2 6 4 0 0

2-5 4 2 6 6 10 4 o o

3-6 5 2 3 7 8 1 0 0

37 8 2 2 10 10 0 0 o

47 4 2 6 6 10 4 4 o

58 2 6 10 3 12 4 3 0

6-8 4 7 8 1 12 I o 0

7-9 5 10 10 15 15 0 0 0

8-9 3 11 12 4 15 1 ! 0
9-10 4 15 15 19 19 0 0 0

The method discussed earlier is casily adoptable on computers. In the case of small networks, we can
perform most of the calculations right on the diagram. In an event that a person would like to use tableau
format to find floats, etc, such methods are also available. Table 8.2 summarizes float times and other
information, ‘

Q. 1. Define the following terms with reference to a PERT chart : (i) Total float, (i) Free float, (i) Independent float.

2, The local chapter of an institute is planning a dinner meeting with a nationally known speaker and you are responsible for
organising It. How could PERT/CPM methodology be useful for this simulation ? [CA. (Nov)}$S2]

3. Whatls a project ? Give two examples. List the impontant four district features that are common to all projects.
[CA (May) 93]
4. Define a dummy arrow used in a network. State two purposes for which it is used. Mention four conventicns that are used
in drowings the natwork. [CA {(Nov} 91]

Example 2. A project consists of a series or tasks labeiled A, B..., H, I with the following
relationships (W < X, Y, means X and Y cannot start until W is completed; X, Y < W means W cannot start
until both X and Y are completed). With this notation, construct the network diagram having the following
constraints :

A<D E;B,D<F;C<G,B<H;F,G<I.
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Find also the optimum time of completion of the project, when the time (in days) of completion of each
task is as follows

Task
Time

A
23

B
8

D
16

F
18

G
19

I
10

Solution. The resulting network is shown in Fig. 8.22. The dummy activities D and D; are introduced
to establish the correct precedence relationship. The 'nodes of the project are numbered so that their

ascending order shows the direction of progress in the project :

To determine the critical path (optimum time of completion of the project), compute the earliest start K;
and latest finish L; for each task (i, j). The calculations are done as follows :
El =0, E2=E| +D|2=0+20=20, E3=E1 +D13=0+23=23.
To determine the value of E,, since there are two incoming tasks (1, 4) and (3, 4),
Ey= ‘m%lus [E; + Dyl

=1

This procedure is repeated to compute all E;. Thus

Ep= 23
Lo=23

Fig. 8.22

=max {El + Dy, By ¥ Dyl =max [0 + 8, 23 + 16] = 39,

Es—max[E +D;s]=max [39+0,20+ 19]1=39, E;= max[E + D] =max [39 + 18, 39 +H0] = 57
E-,-n;ax E; + D] = max [23 + 24,39 +4, 57 + 10} = 67,

The value of L; are calculated proceeding backwards as follows :

L1 E-’ 67 Ls I/’ D67=67—10 57

Ls -'mén_,[Lj Dy} = min [57 -0, 67 - 4] 57
j=6

Ly =_m§n6[Lj = Dyy] = min [57 -0, 57 - 18] =
J=5

L =_mjn_’[Lj —dy] =min [39 - 16, 67 — 24] =
i=4,

Ly=Ls— Dys=57-19=38

L, =min y‘j—Dlj] =min [38 - 20,23 ~23,39-8}=0,
i=2,3, :

Table 8.3. Network Analysis Table

Task Normal Time Earlicst Time Latest Time Float Time
(i, j) Dy Start (E) Finish(E; + D;) Start Finish (Li=Dy) - E;
{L;-Dp (L)

(1.2) 20 0 20 18 38 18
(.3 23 0 23 0 23 0
(1,4) 8 0 8 k)| 39 k]
2,5 19 20 39 38 57 18
3,4 16 23 39 23 19 0
(3.7) 24 23 47 43 67 20
4.5 0 39 39 57 57 18

Continued —
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(4,6) 18 3% 57 39 57 0
(5,6) 0 39 39 57 57 18
5.7 4 39 43 63 67 24
(6.7) 10 57 67 57 67 0

From this table, critical nodes are for the tasks (1, 3) — (3, 4) = (4, 6) — (6, 7). Thus critical Fnl.h is
1-53-54-6-57 as shown by double line arrows () in the figure. This path represents the jongest
possible duration to complete the entire project.

2 13

16 7 12 o
7 15

7 6 3 » 9

Fig. 8.23.

Example 3. Determine early start (Tg) and late start (Ty) in respect of all node points and identify critical

path in respect of the following network,
Solution. Proceeding as in above example calculate the E and L for each node as shown in the

Figure 8.24. =10 E.=18 =24
&-_-10 =18 &=24
8 /-\ 6 ]

Efo =37

The early start T and late start T} in respect of nod points is obtained in the following table.

[Note. Activity time in number of days are indicated on the network.)
Table 8.4. Network Analysis Table

roa

Flu..'mm

Activity (i, j) Normal Time Earliest Time Latest Time
{27 Start Finish (E; + D). Stant Finish =Dy -E
(E) (L~ Dy} [{)
(1.2} 10 0 10 0 10 0
(3 8 0 8 1 9 1
14 9 0 9 1 10 1
2.5 B 10 18 10 18 0
(4,6) 7 9 16 10 17 1
3.7 16 8 24 9 25 1
5.7 7 18 25 18 25 [
6.7 7 6 23 18 25 2
(5.8) 6 18 24 18 24 Q
69 5 16 2 17 n 1
(7.10) 12 25 37 25 37 0
(8,10) 13 24 37 24 37 0
9,10} 15 21 36 22 37 ]
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It is evident from the table that there are two possible critical paths :

(1222598510, (NH1-o295-7-10.

Example 4. Find the critical path and calculate the slack time for each event for the following PERT
diagram.

Fig. 8.25

Solution. Proceeding as in Example 3, the earliest times and latest times in respect of node points are

obtained below ; .
Table 8.5 Network Analysis Table

Barliest Time Latest Time Float Available
Activity | Normal Time (D)) Start Finish (E; + D;p Start Finish L-Dyp-E;
(i.j} (E) (L;= Dy @
a2 2 0 2 5 7 s
) 2 0 2 0 2 0
(1.4 1 0 1 6 7 6
(2.6) 4 2 6 7 1 5
3.7 s 2 7 3 8 1
a.% 8 2 10 2 10 0
(4,5) 3 1 4 7 10 6
(5.9) 5 10 15 10 15 0
®.8 i 6 7 11 12 5
.8 4 7 n 8 12 i
(8,9 3 1 14 12 15 1
=2 Eg=6
Ef= 7 Lg=11
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From above table critical nodes are the activities (1, 3), (3, S)and (5, 9).
The critical path willbe 1 =3 — 5 —9.
Example5. A project has the following times schedule :

Aclivity ) Time in weeks Activity Time in weeks
(1-2) 4 - 5-7 8
(1-3) 1 68 1
(2-4) 1 7-8 2
(3-4) 1 89 1
3-5 6 810 8
4-9) 5 910 7
{5-6) 4

Construct PERT network and compute :—

(i) Tg and Ty for each event. (i} Float for each activity. .

(iif) Critical path and its duration. [Meerut (M. Com.) Jan. 88 BP]
Solution. The network is constructed as given in Fig.8.27:

The T¢'s and T;’s computed on the network are as follows :

Event No. : i 2 3 4 s 6 7 ] 9 10
Te : 0 4 1 5 7 o1 15 17 18 25
Te . V] 12 1 13 7 16 15 17 18 25

Activity floats are computed below by using the formula : -
Float = T; (Head event)— Tg (Tail event) = Duration.

E,=4 =18 Eo=25
=12 LE:.—;1B " Lg=25

Activity Duration T (Tail event) Ty (Head cvent) Float
(1-2) 4 0 12° 8
(1-3) 1 0 1 0
(2-4) 1 4 13 )
(3-4) ] 1 13 1
(3-5) 6 1 7 0
-9 5 5 18 ]
(5-6) 4 7 16 5
-1 B 7 15 ]
(6-8) 1 11 17 5
(7-8) 2 15 17 0
(3-9) 1 17 18 0
(8-10) 8 17 25 0
(9-10) 7 18 25 0
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Along the zero-float activities there are two critical paths as indicated by double line arrows in the

network.

(N153-35-27238939-210()193355728910,

Example6. A project has the following time schedule :

Activity Time in months Activity Time in months
(1-2) 2 4-6 3
(1-3) 2 5-8 1
-4 i 69 5
2-5 4 7-8 4
(3-6) 8 3-9 3
{3-7) 5

Construct PERT network and comput : (i) Total float for each activity (ii) Critical path and its duration.
Also find the minimum number of cranes the project must have for its activities 2-5, 3—7 and 8-9 without
delaying the project. Then, is there any change required in PERT network ? If so, indicate the name.
Solution. The network is constructed as below :
The network analysis table is computed below :

it

Ee=1 Eg= 10 Es=15
Li=7 Le=10 ;=15
Flg. 8.28
Earlies! Time LotesiTime |
Activity Durstion(D;) | Swi(E) | Finish(& + Dy Start Finish Total Flost
(L; =Dy ) (L= Dy} - E;

12 2 0 2 3 7 5
a-3) 2 0 2 0 2 0
- 1 0 1 6 7 6
@-5) 4 2 6 7 1 s
3-6) 8 2 10 2 10 0
@7 5 2 7 3 3 1
-6 3 1 4 7 10 6
5-8) i 6 7 f 12 5
69 5 10 15 10 1s 0
(7-8) 4 7 I 8 12 1
(8-9) 3 1 14 12 is I

Thus the critical path is 1 = 3 — 6 = 9 with duration 15 months.

Minimum number of cranes :
Finish (3-7) at 7

- Finish{(2-5)at7+4=11
Finish(5-8)at11+1=12
Finish(8-9)at12+3=15

with one crane

with the same crane
without the crane
with the same crane
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Therefore, one crane will be sufficient and activities (2—35), (5—8), and (8-—9) will start at 7, 11, 12

respectively.
Example 7 (8). A project schedule has the following characteristics .
Activity Time Activity Time

(1-2) 2 48 8
(1-4) 2 5-6 4
(1-n 1 6-9 3
2-3) 4 7-8 3
{3-6) 1 8-9 5
(4-5) 5

(i) Construct the PERT network
(i}) Activities 2—3, 4—5, 6—9 each requires one unit

and find critical path and time duration of the project.
of the same key equipment to complete it. Do you

think availability of one unit of the equipment in the organization is sufficient for completing the

project without delaying i
Solution. (i) Proceeding asin abo

it ? If s0, what is the schedule of these activities ?
ve examples compute the followin

g network analysis table.

Activity Normal Duration Earliest Time Latest Time Total Float
{i-j) Dy Stant Finish (E; + D;j) Start Finish (L-Dp-Ei
(E) (L= Dy) @

(1-2) 2 0 2 5 ki 5
(1-4) 2 0 2 0 2 0
(-7 1 0 1 6 7 6
2-3) 4 2 6 7 11 5
(3-6) 1 6 7 1t 12 5
(4-5) 5 2 7 3 8 1

. (4-8) g 2 10 2 10 0
(5-6) 4 7 11 8 12 1
-9 3 n 14 12 15 1
(7-8) 3 1 4 7 10 6
(2.9 5 10 15 10 15 0

Hence critical path (along 0 float:
(i) Activity (6—9) can only be
are over. Thus (2—3) and (4—5) contend for the equipment.

Fig. 8.29 (a}

s)is 1 = 4 — 8 — 9 with duration of 15.
undertaken when both (2—3) and (4—35) and their following activities
The two alternative schedules for these

are .

Activity _Start Activity Start
(-3 2 (4-5) 2
45 6 @1 Y
(6-9) 15 (6-9) 12
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The second alternative does not delay the project completion time and hence to be recommended.
Example 7 (b). A project has the following time schedule :

Activity Time in weeks Activity Time in weeks
(1-2) T4 ' 5-1 8
(1-3) 1 (6-8) 1
Q-4 1 (7-8) 2
-4 1 8-9) 1
(3-5 6 (8-10} 8
(4-9) 5 (9-10) 7
(5-6) 4
Construct a PERFretwork and compute :
(i) Tg and T for each event [C.A. (May) 2000)

{ii) Float for each activity, and
(iii) Critical path and its duration.
Solutioin. The network is conducted as given below :

Eg = } 8
9= 1§ E,,=25
L,p=25
E,
L,=0
E=1 E-7 3
- Es=7 E,=15
L;=1 Ly=7 L,=15
Fig. 8.28 (b)
(i) The T¢'s and T} 's for various events constructed on the network are as follows :
EventNo. : 1 2 3 4 5 6 7 ] 9 10
Te: 0 4 1 5 7 1 15 17 18 25
Te: 0 12 1 13 7 16 15 17 18 25
(ii} Activity floats are computed using the following formula :
Float= T; (Head event) — T (Tail event) — Duration.
Activity ) Duration Tg (Tail event) Ty (Head event) Float
a-2; 4 0 12 8
(1-3) 1 1] 1 0
Q-4) 1 4 13 8
3-4) 1 1 13 11
(3-5) 6 1 7 0
9 5 5 18 8
(5-6) 4 7 16 5
(7 8 7 15 0
(6-8) ] 11 17 5
(7-8) 2 15 17 0
8-9) 1 17 18 0
E-10) 8 17 25 0
{9-10) 7 18 25 0
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Critical path is given by all those activities which have zero floats. Along the zero float activitics, there are

two such critical paths :

Q) 1>355—-7-89510

The project duration is 25 weeks.

Example 7 (c). Consider a project consisting of the following Jjobs.

Job

TQTMmMoON®>

Draw the network and determine the project duration. Also identify the critical path.

(ii)123-»537-28-10

Predecessor

AB
AB
B
D,E
C.F
D.E
G,H

Timein days

15

10
10
10
5
5
0
10
15

[AIMS (Bang.) MBA 2002]

8.9. EXAMPLES ON OPTIMUM DURATION AND MINIMUM DURATION COST

Example 8. Table below shows, jobs, their normal time and cost, and crash time and cost for a project.

Job Normal Time (days) Cost Crash Time Crash Cost
_(Rs) {days) {Rs.}
(1-2) 6 1400 4 1900
(1-3) 8 2000 5 2800
2-3) 4 1100 2 1500
4 3 80O 2 1400
34 Dummy - - -
(3-5) 6 900 3 1600
{46} 10 2500 6 3500
(5-6) 3 500 2 800

Indirect cost for the project is Rs. 300 per day.

(i) Draw the network of the project
(ii) What is the normal duration cost
(iii) Ifall activities are crashed, wha

of the project ?
t will be the project duration and corresponding cost ?

(iv) Find the optimum duration and minimum project cost.
Solution. (i) Network is shown in the Fig. 8.30. E,=6

=6

(i) Assuming that all activities
occur at normal times, the critical path
calculations are shown in the figure
under normal conditions. The critical
path is 1 52—53—> 456 The
duration of the project is 20 days and
its associated {normal) cost is Rs.
9200.

(##) Now compute the different
minimum cost schedule that can occur
between normal and crash times
mainly depending on the cost time
slopes for the different activities. To
calculate these use the formula

Cost Slope = Crash cost—Normal cost :

Normal time—Crash time

These slopes are summarized in the following tabuar form:

Activity : (1-2)
Slope : 250

(1-3)
267

Ea:

-3
200

-4
600

(3-5
213

10
10

4-6)
250

(

5-6)
300
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Step 1. Because the present schedule involves more time, the schedule is reduced by crashing some of the

activities. As the activities lying on the critical path control the duration of the project, therefore the
duration of some activities lying on the critical path is reduced.
Start reducing the duration of that activity which involves minimum cost slope. As the activity (2-3)
has the minimum cost slope, the duration of this acitivity is reduced from 4 to 2 days resulting an
additional cost of Rs. 2 x 200 = Rs.400. But this activity should be shortened only by one day, since
the path 1 = 2 — 4 — 6 becomes a parallel critical path. So the revised schedule corresponds to 19
days with a cost of Rs. (9200 + 200) = Rs.9400.

Step2. Now it is evident that the activitics (1-2) and (4-6) among the remaining activities lying on the two
critical paths have the least slope. Therefore, either (1-2) or (4—6) can be compressed only for two
days. This is duc to the fact that 1 53 —2556,15293395456,andl =2 —>4-6,
becomes three parallel critical paths. So three alterative choices are given below :

(i) Compress (1-2) by 2-days at a cost of Rs. 250.
(ii) Compress (4-6) by 2-days at a cost of Rs. 250,
(iii) Compress (1-2) and (4—6) by 1-day at a cost of Rs. 250 each.
The additional cost thus will be Rs. 2 x 250 = Rs.500. Thus a 17 days least cost schedule is obtained
- with a cost of Rs, (9400 + 500) = Rs.9900.
(v) To determine the optimum schedute, compute the total cost by adding, the indirect cost corresponding
to each schedule to the cost of crashing (slope) optimum schedule (duration) is then obtained for which the
total cost is least. Required calculations are put in the following tabutar form :

Normal Project length (days) Crashing time and cost (days/Rs.) Indirect cost Total cost (Rs.)
@ Ry, 300
20 - 20 x 300 6000
19 1 x 200=200 19 % 300 5900
18 1 x250=250 18 x 300 5650
17 1% 250=250 17 % 300 5350
_16 1 %200+ 1 x600+ 1 x233 =1033 16 x 300 5833

Since minimum total cost is Rs. 5350, the optimum duration of the projectis 17 days. :
Example 9. The following table gives the acitivities in a construction project and other relevent

information.

Acitivity Preceding activity Normal time (days) Crash time (days) Normal cost (Rs.) Crash cost
(i) (Rs.)
1-2) - 20 17 600 720
(1-3) - 25 25 200 200
(2-3) (1-2) 10 3 300 440
2-4) (-2 12 6 400 ’ 700
e (1-3),(2-3) 5 2 300 420
43 2-4,(34) 10 5 300 600

{(a) Draw the acitivity network of the project,

(b) Find the total float and free float for each activity, _

(c) Using the above information “crash” or shorten the activity step-by-step until the shortest duration is
reached. [VTU (BE Mech.) 2002)

Solution. (@) The network is shown in the following figure.

O
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(b) Considering the normal time of the project, the earliest and latest times as well as the total float, and
free floats in respect of node points is put in the following table.

Acitivity (i—j) | Normal time Stant Finish Tatal float Free float
(days) Earliest Latest Earliest Latest
@y En =Dy | (E+Dy @)
(1-2) 20 0 0 20 20 0 0
(-3 25 0 5 25 30 5 5
2-3) 10 20 20 30 30 0 0
(2—4) 12 20 23 32 15 3 3
(3-4) 5 30 30 5 35 0 0
(4-5) 10 35 35 45 45 0 0

The above table shows that the critical path is 1 = 2 — 3 — 4 — 5 which is shown in the following
figure.

By =30
L5=30

Fig. 8.32.

(¢) Compute the different minimum cost schedule that can occur between normal and crash times, which
are dependent on'the cost time slopes for different activities. These are computed by the formula
Crash cost — Normal cost

. Cost Slope = ormal time - Crash time’
The slopes of the activities of above network are calculated as follows.
Activity : (.2 1.3 2.3) 2.4 3.4 4,5)
Slope : 40 0 70 50 40 60

Step 1. Since the project duration is controlled by the activities on the critical path, the duration of some

activities lying on the critical path is reduced.
First, the duration of that activity is reduced which has the minimum cost slope. Since the activities
(1, 2) and (3, 4) both give the minimum cost slope, the duration of acitivity (3, 4) is compressed from
510 2 days with an additional cost of Rs. 3 x 40 = Rs.120.1t should be noted that we have chosen the
activity (3, 4  because in doing so. two parallel  critical  paths
1 —2—>4—5and | —2 -3 — 4 — 5 are obtained. Thus the revised schedule corresponds to 42
days with a cost of Rs, (2100 + 120) = Rs.2220.

Step 2. Further if the duration of any activity of critical path is reduced, the two critical paths of the project
remain the same. ‘
Therefore, since all the activities on the critical path1 -2 —»3 — 4 — 5 are at crash time, it is no
longer possible to compress the time of the project. Hence the minimum duration of the project will be
42 days.

Example 10. A small marketing project consists of the jobs in the table given below, With each job is
listed its normal time and a minimum or crash time (in days). The cost in ( Rs. per day) of crashing each job is
also given.



330 OPERATIONS RESEARCH AND ENGINEERING MANAGEMENT
Job {i—j) Normal duration Minimum {crash) duration Cost of crashing
(in days) (in days) (Rs. per day)
(1-2 b 6 20
(1-3) 8 5 25
(1-4) 15 10 30
24 5 3 10
(3-4) 10 6 15
{4-5) 2 1 40
(@) What is the normal project length and the minimum project length,
2-1
=>{ 5
£ =20, 12
Lg =20 12

Fig. 8.33

(b) Determine the minimum crashing costs of schedules ranging from normal length down to, and
including, the minimum length schedule, i.e. if L is the length of the normal schedule, find the costs of
schedules whichare L,L— 1,1 - 2, and so on, long days.

(¢) Overhead costs total Rs. 60 per day. What is the optimal length schedule duration of each job for your
solution. [Tamlinadu {ERODE) 97)

Solution. (a) Construct the network considering the normal duration of the project as given below.

The critical path is 1 — 3 — 4 = 5 with the normal duration 20 days and minimum project length is 12
days.

(b) Since the present schedule consumes more time, the duration can be reduced by crashing some of the
activities. Also, since the project duration is controlled by the activities lying on the critical path, the duration
of some of the activities lying on the critical path can be reduced.

Step 1. First, reduce the duration of that activity which involves the minimum cost. Since the activity (3, 4)
involves minimum cost, the duration of this activity can be compressed from 10 days to 9 days
resulting on total cost for 19 day’s schedule becomes = Rs. 15 + Rs. 19 x 60 = Rs. 1155,

Step2. Again since the critical path remains unchanged, the duration of acitvity (3, 4) can be reduced further
from 9 days to 8 days resulting in an additional cost of Rs. 2 x 15, i.e. Rs. 30. So the total cost for 18
days schedule becomes = Rs. 30 + Rs. 18 x 60 =Rs.1110

Step 3. Continue this procedure till the total cost starts increasing. The calculations may be compiled in the
following table :

Normal project length Crashing cost Overhead Total cost
(days) (days/Rs.) @ Rs. 60/day (Rs.)
20 — 20 x 60 1200
19 Ix15=15 19 x 60 1155
1] 2x15=30 18 x 60 1110
16 IxIS+1x40=85 16 x 60 1045
15 4x15+1 %4041 x30=130 15 x 60 1030
14 4x15+1x40+2x30+ Ex25+1x 0= 195 14 x 60 1035

() Since the total cost statts increasing for 14 days duration, the minimum total cost of Rs. 1030 occurs
for 15 days duration. Hence the optimum length of the schedule is 15 days.
Optimum duration of each job is as follows :
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Job : (1.2) (LD (L4 2,4) 3.4 4.5
Optimum Duration (days) : 9 8 14 5 6 1
Example 11. In the project network shown in the figure given below, the nodes are denoted by numbers
and the activities by letters. The normal and crash durations of the various activities along with the associated
cosis are shown below :

Fig. 8.34
Activity Normal duration (days) Normal cost Crash duration (days) Crash cost

(Rs) {Rs.)
A 8 1800 6 2200
B 16 1500 tl 2200
Cc 14 1800 9 2400
D 12 2400 9 3000
E 15 800 4 2000
F 10 2000 8 4000

Determine the least cost 36 days schedule.

Solution. First assume that all activities occur at normal times. Then the following network shows the
critical path computatlons under normal conditions. The critical pathis A — B — C — F. The schedule of the
project is 48 days and its associated normal cost becomes

-—Rs(1800+}500+1800+2400+800+2000) = Rs.10,300.

The different minimum cost schedule that can occur between normal and crash times, which are mainly
dependent on the cost time slopes for different activities. The cost time slopes can be computed by the
formula:

Crash cost—Normal cost
Normal time—Crash time

Cost — time Slope =

Ey =38

Fig. 8.35

These slopes for the activities of the above network are obtained as follows :

Activity : A B C D E F
Slope : 200 140 120 200 1200 1000
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Now proceed step-by-step as follows :

Step 1.

Step 2.

Step 3.

Step 4,

Since the present schedule consumes more time, the schedule can be reduced by crashing some of the

activitics. Since the project duration is controlled by the activities lying on the critical path, the

duration of some activities on the critical path is reduced.

First reduce the duration of that activity which involves minimum cost. Activity C with minimum

slope gives the minimum cost. So the duration of activi ty Cis compressed from 14 days to 9 days with

an additional cost Rs.5 x 120 = Rs.600. Therefore, new schedule corresponds to 43 days with a cost

of Rs.(10300 + 600) = Rs.10900. :

Now, it can be observed that the present schedule still consumes more time and also not all the

activities on the critical path are at their crash durations. Hence the project duration can be reduced by

crashing some other activity. Out of the remaining activities on the critical path, the activity B has the

least slope. So reduce the duration of activity B from 16 days to 11 days at a cost of

Rs.=5x140=Rs.700. Thus the new project duration becomes 38 days with a cost of

Rs.(10900 + 700) = Rs.11600,

This project duration is still more than the required duration of 36 days. So select some other activity

lying on the critical path for crashing. Obviously, only the activities A and F on the critical path can

be considered for crashing. Since activity A has the smaller slope, the duration of A can be

compressed. Compress A by only one day although it can be compressed by 2 days (from 8 to 6 days).

Because, the path | — 4 — 5 ~» 6 becomes a parallel critical path as soon as A is compressed by one

day. Thus a new schedule corresponds to 37 days with a cost of Rs,(11600 + 200} = Rs.11800.

Since only 36 days schedule is required, compress some activity by one day. To do so compress one

day in each of the two parallel critical paths, So there are three choices :

(f) Activity F can be compressed by one day at a cost of Rs. 1000. _

() Activities A and D can be compressed by one day each (since B and C are already at their crash
points). This gives the total cost of Rs. (200 + 200) = Rs.400.

(@) Activities A and E can be compressed by one day each at a total cost of
Rs. (200 + 1200) = Rs..1400.

But, the second choice gives the least cost schedule and hence it should be selected. This involves a 36
days schedule with a cost of Rs.(11800 + 400) = Rs.(12,200).

Example 12. Derermine the least cost schedule from the following project using CPM technique.

Overhead cost per day is Rs. 6.

Fig. 8.36.

The numbers above and below the activities have their usual meaning.

Solution. Taking into account the normal duration of the project, the critical path is found as
152935455,

In order to determine the least cost schedule, compress the duration by crashing some of the activities.
Since the activities lying on the critical path control the project duration, the duration of some activities lying
on the critical path can be shortened.

The following table gives the normal length, crash cost, and total cost.
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=18
=18
=15
=15
Normal project length Crashing cost(Rs.) Overhead cost Total cost (Rs.)
(days) @ Rs. 6 perday
18 - 18x6 L
17 1x2=2 17%6 104
16 2x2=4 16x6 100
15 2x2+1x3=7 15x6 ’ 91
14 2x2+2x3=10 14x45 94
13 2x242x3+1Ix4=14 13x6 92
12 2x242%x3+2x4=18 12x6 90
1 2x2+2x3+3Ix4=22 11x6 88
10 Ix2+2IXI+3Ix4+1x6=28 10%x6 g8
9 2x2+2%3H3x4+2x6=34 9% 6 88

Since there are two paralle! critical paths when the project length is 9 days and also the activities are at
their crash time, the optimum length of the schedule is 9 days with total cost of Rs. 88.

Example 13. The time and cost estimates and precedence relationship of the different activities
constituting a project are given below :

Activity Predecessor detivity Time (in weeks) Cost (in rupees)

Normal Crash Normal Crash
A None 3 2 8,000 9.000
B None 8 6 600 1,000
C B 6 4 10,000 12,000
D B 5 2 4,000 16,000
E A 13 10 3,000 9,000
F A 4 4 5,000 5,000
G F 2 1 1,200 1,400
H C,EG 6 4 3,500 4,500
i F 2 1 700 800

(i) Draw a project network diagram and find the critical path.

(i) If a dead line of 17 weeks is imposed for the completion of the project, what activities will be crashed 7
What would be the additional cost and the critical activities after crashing the project?  [Delhi (M. Com.) 97]

Solution. (i) The network with the normal and the shortest (crash) times for various activities is shown
below :

The critical path of the project is
1-2-5-6 (or A—-E-H) with a length of 22
weeks,

(i) To complete the project in the
stipulated 17 weeks, crashing would have to
be done by determining the weekly crashing
cost for each of the activities using the
formula:

Fig. 8.38.
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Crash cost — Normal cost

(Crashing cost per week = N ormal time - Crash time
Activity : A B C D E F G H I
Node (1-—2) (1—3) (3--5) (3—6) 2—5) (2-4) (4—35) *5_5) (4—6)
Crashing cost (Rs.): 1,000 200 1,000 2,000 2,000 — 200 500 1,000

Activities to be crashed and the cost involved are shown in table below :
Table : Crashing Scheduls of the Project

Crashing Alternative Cost Decision Duration Critical Path(s)
First WA= 1,000 1—2—5—6
(i) E (2—S5) ' 2,000 Crash (5—6) 21
(i) H (5—6) 500
Second mA(— 1,000 i—2—5—¢
(i) E (2—5) 2,000 Crash{5—6) 20
(ii) H (5—-6) 500
Third () A (1—2) 1,000 Crash (1—2) 19 1—2—5—6
(i) E (2—5) 2,000
Fourth (i) E (2—5) 2,000 Crash (2—S5) - 18 }—2—5—6
Fifth () E (2—5) B (1—3) 2,200 | Crash(2—5), (1—3) _ 1—3—5—6
17 1—2—5—6
(i) E (2-5) C (3—5) 3,000 1—3—5—6

(a) Activities to be crashed : A-—one week, B—one week, E—two weeks and J—two weeks.
(b) Total cost of the project = Normal cost + Crashing cost
= (18,000 + 600 + 10,000 + 4,000 + 3,000 + 15,000 + 1,200 + 3,500 + 7,000)
+ (500 + 500 + 1,000 + 2,000 + 2,200) = Rs. 68,500
(c) Activities which are critical after crashing are A, B, C, £ and H.

EXAMINATION PROBLEMS _
1. (a) A directed graph has the lines (a, b), (a, ¢), (¢, &), (a, d) and (d, ¢). Draw the graph and say from which node there is
a path 1o each other node and from which node thera is no path. "

[Ans. There is no path from node b. The possible paths from other
nodes ara :
a-sd-oc-oadacqra-sddoc—oa-b

b} A small projet has the following time and cost estimates :

Job | immediate Normal Minimum
Predecessor] Time (Hrs.)| Cost(Rs.) | Time (Hrs.)| Cost(Rs.)

A —_— 3 30 6 100

B A 7 40 4 94

C A 12 100 5 184

D A 9 70 5 102

E B,C,D 6 50 & 30
The overhaad costs are Rs. 25 per hour. Compute the minimum
costproject schedule. [VTU {BE Mech.) 2003] Fig. 8.39.

2. Draw a network for the following project and number the events

according to Fulkerson's rule :

(H Aisthe startevent and Kis the and event.

(i  Jis the successor eventto F.

{ii) Cand Dare successor events to 5.

(/v Dis the preceding eventin G.

(v) Eand Foceurafter C.

(v) Eprecedas F.

(vil) Crestrains the occurrence of G and
Gprecedes H.

(viily Hprecedes J.

(Ixy Frestrains the cccurrence of M.

() KsuccedsJ .

[Hint. Number the nodas of the network

such that their ascending order indicates

the direction of progress in the network ]
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3. Draw network (FERT) diagram from the following list of Activities.

335

Job Name Immediate Predecessors Job Name Immediate Predecessors |
a - ! k
b 7] m k
c b n k
d ¢ [+] d
e b p 0
I e . q b
g e r n
] c [ 1.n
i c,f 1 [3
J ghi u P.q
k i v u
[Ans. the network is drawn as below.)
4. Draw network for jobbing production and indicate the critical path from the following :
Activity Description Time (Weeks) Preceded by
A Market research 15 -
B Make drawings 15 -
C Decide production policy 3 A
D Prepare sales program 5 A
E Prepare operation sheets 8 8 C
F Buy materials 12 8.C
G Plan labour force 1 E
H Make tools 14 E
1 Schedule production 3 DG
_ ] Produce product 14 F H I
[Ans. The network is drawn as shown below :
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5. The following information is known for a project. Draw the network and find the critical path. Capital letters denote
activities and number in bracket denote activity times.

This raust be completed Before this can start This must be completed Before this can start
A(30) c F(D H
8n D F |
8 G F L
8 K G(21) !
©(10) b F L
o} G H(D K(15)
14) E 1{12) J
E{10} F K(30) L(15)

[Ans. The naetwork is drawn as below. By enumerating the durations of the various paths it can ba ascertained that the
critical (longest) pathis A —+ € — D — E— F— [ 5 Jwith 98 days duration.)

Fig. 8.43

$. Forthe following two projects, state the problem in terms of events and draw the event orisnted networks,
(8) Conducting an examination

Dasign questionnaire 7 days

Print question paper 2days

Distribute to various centres 4 days

Answer questionnaire . 1 days

Collect answer books at main office 4 days
() Holding a conference

By mail ask mamboers for suitable dates 6 days

Inform date to members 2days

Prepare agenda 3days

Sond agenda and relevent materials to members by mail 7 days

Artange conferace room © 2days

. Arrange refreshments - 1days

[Ans. (a) Examination () Conference

1. Questionnaire prepared. 1. Member's choice of date obtained.

2. Question paper printed. 2. Mambers informed of date.

3. Papersdistributed to various centres. 3.  Agenda prapared.

4. Questionnaire answared. 4. Agenda and relevent materials sent by mail to members.

5. Answer-books collected atmain office. 5. Conference room arranged.

6. Refreshments arranged.

Fig. 8.44



NETWORK MODELS (PERT/CPM) 337

Event 7 is the actual start of the conference. Activity 4—7 might represant the time for arrival of members from distant

places.
Fig. 8.45.
7. Draw the network diagram from the following activities and find critical paith and total float of activities.
Job Job time {days) Immediate Predecessors
A : 13 -
B 8 A
c 10 B
D 9 C
E 11 B
F 10 B
G 8 D.F
H 6 E
i 7 H
J 14 G,I
K 18 ]
[Ans. Criticalpatht 23325263820 10 as shown in the following network diagram.
=32
LE55= 32 E,=38

Ly =43

6

Fig. 8.46

Aclivity : A R C D E F G H I J K

Total Float (T, — Tz) : 0 0 0 0 5 0 0 0 2 0 0

8. Define an activity, event and dummy constraints in a PERT network. Using the following information plot a network.
Determine the critical path and o slack for all events :
Activity Activity duration (in weeks) Activity Activity duration (in weeks)

(0-1) 5 a-5 7

(0-2) 10 (3-6) 11

(1-2) 4 (4-6} 8

(1-3) 8 47 9

(1-4) 3 5-7 9

2-3 6 (5-6) 4

2-5) 8 (6-7) |

If the duration of activity (5—6) is increased to 6 and activity (3—6} Is reduced, what wil be the naw critical path 7
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10.

11.

12
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The project reprasentec in the table below is to ba schaduled within a resource limit of 12 men. All the men are capable
of working on any of the jobs.If not assigned on a particular day, a man is idle but still draws pay. Each job must be
assigned to a crew of men comresponding 10 one of the three possible crew sizes listed in the table. No. In between
assigniments may be made, the crew size must remain fixed for a job until It Is finished. Job duration equals man-days
divided by crew size for any crew size chosen. Schedule the project so as to minimize idle man-days over ils active span.

Resource requirement Crew size (men)
Jobi- (Man-days) Minimum Normal Maximum
1-2 32 . 2 4 8
1-3 48 4 6 8
2-3 40 4 5 8
2-4 12 2 3 4
4-5 30 3 5 6
3-5 54 3 6 9

[Ans. Critical pathistodojobs 1 52 -+ 3 5]

A contractor has received order for constructing a coltage on a sea side rasort. The delivery of materials must be planned
and the complets job finished in 13 weeks.

The work involves the following {the numbers represent number of days):

Buying brickets and cement (8, 10, 14) Wiring for electricals {16, 20, 26)
Roof tiles (20, 24, 30) Constructing roof (8, 8, 10)
Repairing foundation {12, 14, 16) Plastering (12, 12, 18)

Eracting shell structure of building (18, 20, 24) ‘Lamdscaping (4, 4, 6)

Laying drains (12, 14, 15) Painting and cleaning (10, 12, 14}
Plumbing (20, 24, 30) Laying pathway (4, 4, 4)

Flooring (8, 10, 12) Installing doors and fittings (4, 4, 4)

Construct a logical PERT diagram and mark on it the critical path circling the nodes and indicating activity with arrow.
What s total critical path ime ? Can the completion target be met ?

Tha chairman of ABC consuiting company has an opportunity 1o participate in a marketing project that has a sales price
of Rs. 90,000 but must be completed within 8 waaks, The letter of indent was recelved Friday aftemoon. Both the Haad
of Markeling Department and the Cost Accountant came on Saturday and completed the appropriate time and cost for
you based upon past jobs. Since the chairman needs an answer at 8.30 A.M. on Monday { start of the B-weaks), you
have been requested to determine the profitability of the project on an 8 week basis. An answer at 8.30 A.M. Monday
allows the firm to start the project at 10.00 A.M. in order to stay within the 8 weeks demanded by the customer. The time
and cost under normal conditions without crashing the projact is basad upon an 11-week basis. Whatanswer shouid the
chaimnan give the customer on Moniday moming % A table of time and costs is given below :

Normal Crash
Event Preceding Event Time Cost Time Cost
{in weeks) {inRs.} (in weeks) (inRs.)
3 1 2 8,000 1 13,000
2 1 3 7.000 1 13,000
3 1 6 11,000 5 13,500
4 2 4 6,000 3 10,000
3 2 2 5,000 1 10,000
5 2 7 8,500 6 11,500
5 4 4 10,500 3 16,000
5 3 3 3,000 2 7,000
{a) Discuss the benefits of Network Techniques in Project Planning and Control,
{b) The basic cost-time data for jobs In a project are as given below :

Job Normal Time Crash Time Cost of Crashing
‘ Days Cost (Rs.) Days Cost (Rs.) per day

A 3 140 2 210 70

] 6 215 5 275 60

C 2 160 1 240 80

b 4 130 3 180 50

E 2 170 1 250 80

F 7 165 - 4 285 40

G 4 210 3 290 80

H 3. 110 2 160 50

Total 1,500 1,890
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The activity {Job) dependencias are as below :

(h A, B, Care starting activities.

(id  Activities D, Eand Fcan start when once Als completed.
(i) Activity G can start after Band D are completed.
(i Activity H can start atter Cand E are completed.
(v} Activities G, Fand H are the final activities.

{1) Draw the network and indicate the critical path.

(2) Whatis the total time required to complete the project ? (based on normal imes).
(3) If the project Is to be completed in 8 days, what is the minimum cost to be incurred ? Indicate this cheapest cost

schedule.

$3. Explain network problems. Describe the method of drawing network diagrams.
14, A project has the following detaiis. The indirect cost of the project per week is Rs. 1000/-

339

Activity Normal time (weeks) Crash time (weeks) Direct cost slop (Rs fweek)
1-2 6 4 100
-3 10 6 300
14 15 7 600
2-4 4 3 700
3-5 15 10 500
45 15 8 800

{i) Draw the network and find the normal duration of the project with normal total cost.

{ii) Datermine the optimal duration and its corresponding cost.
(iii) 1 all the activities are crashed to their maximum values, determine the duration and total cost of projact.

[AIMS (Bangl.) MBA 2002]
15, Construct the network diagram comprising activities B, C ... Q and V such that the following constrainis are satisfled :
B<E,F; C>G,L; E.GeH,
LH<l L<M; H<N:
Hed; I,J<P; P<Q. [Bhubnashwar (IT) 2004]

8.10 PROJECT EVALUATION AND REVIEW TECHNIQUE (PERT)

In the network analysis discussed so far, it is implicitly assumed that the time values are deterministic or
variations in time are insignificant. This assumption is valid in regular jobs such as maintenance of a machine,
etc., construction of a building or road, planning for production, as these are done from time to time and
various activities could be timed very well. However, in research projects or design of a gear box of a new
machine, various activities are based on judgement. A reliable time estimate is difficult to get because the
technology is changing repidly. Time values are subject to chance variations. ,

The main objective in the analysis through PERT is to find out the completion for a particular event within
specified date. If yes, what are the chances of completing the job ? The PERT approach takes into acount the
uncertainties. In this approach, three time values are associated with each activity : the optimistic value, the
pessimistic value, and the most likely value. These three time values provide a measure of uncertainty
associated with that activity.

Def. 1. The optimistic time is the shortest possible time in which the activity can be finished. It assumes
that every thing goes very well, This is denoted by t,,. [Bhubneshwar {IT) 2004]

Def. 2. The most likely time is the estimate of the normal time the activity would take. This assumes
normal delays. If a graph is plotted in the time of completionand 4
the frequencey of completion in that time period, then the most
likely time will represent the highest frequency of occurrence.
This is denoted by t,,. ,

Def. 3. The pessimistic time represents the longest time
the activity could take if everything goes wrong. As in optimistic
estimate, this value may be such that only one in hundred or one
in twenty will take time longer than this value. This is denoted by

tp-

FREQUENCY

I
1
1 1
L 1 [ .
OPTIMISTIC  MOST PESSIMISTIC
LIKELY

Fig. 8.47. Time distribution curve.

[Bhubneshwar (IT) 2004)
These three time values are shown in Fig. 8.47,
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In order to obtain these values, one could use time values available for similar jobs, but most of the time
the estimator may not be so fortunate to have this data, Secondly, values are the functions of manpower,
machines and supporting facility. A better approach would be to seek opinion of ‘experts in the field’ keeping
in view the resources available.

This estimate does not take into account such natural catastrophes as fire, etc.

In PERT calculation, all values are used to obtain the per cent expected value.

Def.4. Expected time is the average time an activity will take if it were to be repeated on large number of
times and is based on the assumption that the activity time follows Beta distribution*. This is given by the formula :
1= (1, + 4ty + 1,)/6.

. Def. 5. The variance for the activity is given by the formula :
| & = [(t,~ 1)/ 6V,
where 1, is the optimistic time, 1, is the pessimistic time, ¢,, is the most-likely time, ¢, is the expected time and

o is the variance.
PERT computations are essentially the same as used earlier.

Q. 1.  Explain the following terms in PERT : [Bhubneshwar {IT) 2004]
{(d Optimistic time, (i) Normal time, (/i) Pessimistic time, (iv) Expected tima, (v) Variance In relation to activities.

2. What are the requirements for the application of PERT ? Give an algorithm for PERT and state tha limitations of this
technique. [Meerut (OR) 2003]

The main difference is that instead of activity duration, expected time 1, for the activity is considered. With
each node, variance is associated. Thus, the duration of the project is the meun expected time with variance.

Consider the network of Fig 8.20 again. Table 8.6 give three time estimates for each activity, the expected
value and the variance also. .

Tabie 8.6

Activity t, fy i 0= (to +g +p)/6 | o2 = [(tp— 1) /6]2
(1-2) _ 1.0 2.00 . 3.0 2 - 4/36
(i-3) 1.5 2.00 2.5 2 1736

. (1) 1.5 275 3.5 3 4/36
(2-5} 3.0 3.00 7.0 4 16/36
(3-6). 40 4.50 80 5 1636
-n 60 * 825 9.0 8 9/36
47 30 3.50 70 4 16/36
(5-8) 2.0 2.00 20 2 0
(6-8) _ 20 4.00 6.0 4 16/36
(7-9) 20 4.50 80 5 36/36
(8-9) 2.0 3.00 4.0 3 4/36
(9-10) 25 4.25 4.5 4 4/36

Once, expected values have been calculated, these are used in finding the critical path, In this particular
example, three estimates are so chosen that mean valucs are same as before and hence critical path calculations
ace same as before. However, the interpretation of the critical path is now different. In this case, the expected
duration of job taken time less than 9 days or more than 19 days too. Then, meaning of the expected duration is
that—if the same job is performed again under similar conditions, the average duration will be 19 days. If the
job takes 19 days, then there is probability value associated with it which can be calculated under some

* The Beta distribution was chosen possibily because it is &
(1) Unimodal distribution
(2) Finite non-negative end points
(3) Norn-symmetric or symmetric Beta density is given by
_ 1 _ap J0<x<t
fx 0. )= Hu-i—1,[i+1)7{m(1 e as- 1,f>-1"
If x-takes on values between limits & and b, a new variable y=(x- a)/(b- a) can be defined and this takes valuss
betwean zero and one. Beta function is defined by

yo JETB o n
B, B) = Tt §) , where o is “gamma o”.
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assumptions. Since duration of each activity is a random variable, the duration of a path which consists of a set

of activities will alsobe a random variable. To calculate the exact distribution of the duration of a path will be

difficult and for management decisions it is enough to know the mean and the variance. Mean value has been

calculated using the method discussed earlier. The same approach is used to find the variance. '
Rules for finding variance of events.

(i) Variance for the initial event is zero. Set V; = 0.
@) Vj, the variance for succeeding event j in question is obtained by adding activities variance to the
variance of predecessor event except at merge points, i.e. Vi=Vi+ ofj

(fif) At merge points, the variance is computed along the longest (critical) path. In the case of two paths
having the same length, the larger of the two-variance is chosen as the variance for that event.

V,=0 Vg=V, +055=20/36 Vo= V; + 0% 9= 46/36*
Vo=(V, +05)=4/36 Ve=Vy+056=17/36 Vio = Vo + O3 0= 50/36*
Va=(V, +0)=1/36 V,=V; + 057 =13/36*

Ve=(V, +05)=4/36 Vg = Vg +0tg = 33/36% -

I

|

It is important to note that variances cannot be added as :
easily as is done, unless two random variables are independent ;
of each other. In this case, it is assumed that two activities are : :
i::l(:je%endenl of each other and hence their variances can be :
added. X
The expected duration of the project is 19 days and the !
variance of this path is 50/36. If the exact probability :
distribution of the path is known, it would have been easy to find I

out the probability of completing the project in a given time. 78 19 20 21
Since the variance of the path is known, the Chebychev DURATION DAYS ——
inequality** could be used to get an estimate of probability for Fig. 848

a given duration (if unimodality could be assumed,
Camp-Neidel modification fo Chebychev's inequality will give better estimate). PERT users, however, have
used central limit theorem to claim that probability distribution of time for each event could be considered as
normal. This is a strong assumption which greatly simplifies calculations and easily understood by most of the
users of PERT. Assuming the normality, the probability of the project being completed by a certain date canbe
evaluated easily.

Prob [project duration 20 days] = ?

Prob [D < 20] = Prob [9—;3 < 39;—*1]

where 1 is the mean of the di stribution and o is the standard deviation.
Now, the value (D — ${)/0 is a ngrmali d value and usually written as Z, Then,
Prob{Z s 7"’9—’;)(] =Prob|Z< ﬁ,/—:]s Prob[Z<085}=080  (from Normal Distribution Table).

The probability of finishing the job in less than or equal to 20 days is 0.80. The physical meaning of this
statement is : If this jobis done hundred times under same conditions, then there will be 80 occasions when this
job will have taken 20 days or less to complete it. In other words, only 20 times, the job would have taken time
longer than 20 days.

One of the main advantages of PERT approach to the management of a large scale project isin binding for
contractual dates to finish the project. A designer would like to know the duration of the project that will have
95% chances of being completed. Let 7; be the scheduled duration such that

Prab [t S T;] = 0.95, Prob [‘-loﬂ < 5;—‘5] =095, Prob [z < I‘—(}E] =095

*Value reprasent the calculation along the longest {critical) path.
*The Chabychev inequality is stated as follows : Prob [ x-pl>kals €.
That is, the probability of a random variable exceeding the mean value by k standard deviation is less than 1/, The

Camp-Neidsl inequality Is Prob [x-pl>ko]s1/01 5k’
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From normal table Z ¢ = 1.64. Therefore,
(T,- /6 =164, and T, = 19+ 27 x 1.64=20.90 = 21 days.

That s, if the designer says that he will need 21 days to complete this project, he has better than 95% chances of

mecting the committed date. In larger projects, failure to meet the commited date could result in heavy

penalties and great loss of good-will.

8.10-1 Niustrative Examples On PERT :
Example 14, For the project represented by the network diagram, find the earliest and latest times to

reach each node, given the following data :
Task : A B C D E F G H I J K
Least ime : 4 5 8 2 4 6 8 5 3 5 6
Greatest time : 8 10 12 7 10 15 16 9 7 11 13
Most likely time 5 7 11 3 7 9 12 6 5 8 9
[VTU (BE Mech.) 2002)
: Fig. 8.49
Solution. First calculate the expected time 7, by the formaulaz, = {fo+ 41, + 1,)/6 as follows :
Task : A B C D E F G H 1 J K
t, : 4 5 8 2 4 6 8 5 3 5 6
[ 8 10 12 7 0 15 16 9 7 i1 i3
I 5 7 1l 3 7 9 12 6 5 8 9

L, : 53 722 107 35 T 95 12 63 5 8 9l

‘Now, the carliest expected times E; for cach node are obtained by taking the sum of the expected times for
all the activities leading to node i, when more than one activity leads to anode i, the maximum of E; is selected.
Therfore,

E) =0, E;=0+53=53, E;=0+3.5=3.5, E;=max [53+7.2,0+ 10.7] = 12.5,

Es=max [12.5+7.0,3.5+9.5]1=195, Es=19.5+63 =88,

E;=max[19.5+5,3.5+12] =245, E3=8.8+9.1 =349, E,=24.5+8.0=1325.

To find the latest expected times to siart with the latest time 7} for the last node as equal to E;. Now
moving backwards for each path, subtracting the expected time ‘t," for each activity link to have

Ly=325,14=349,1,=32.5-8=245, L4=349-9.1 =258,

Ly=min [25.8-6.3,24.5-5]=195, L,=195-7=125

Ly=min[19.5-95,245-12]=10, L, =125-72=5.3,

Ly =min [5.3~5.3,12.5-10.7, 10 - 3.5] =0. o

These calculations may be arranged in the following table :

Node 1, E; L; : Slack
2z 53 53 53 0
3 35 35 10.0 6.5
3 1.2 ' 125 12.5 0
5 70 19.5 19.5 0
6 6.3 258 258 0
7 5.0 245 245 1]
8 9.1 349 349 0
b 8.0 32.5 32.5 0
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Example 15. In Example 14, also find the critical path of the network :

Fig. 8.50
Solution. Expected Time Computations
Task Last time Greatest time Most likely time Expected time
a » m (@ +b +4m)/6

A 4 3 5 LY -

B 5 10 7 TVe

c 8 12 1 10%

D 2 7 3 3%

E 4 10 7 ki

F 6 15 9 1%

G 8 16 12 12

H 5 9 6 61A

i 3 7 5 5

J 5 1 8 8

K 6 13 9 gl

E,=33 Eq =263 Ey =381
Ly=133 Le =303 Lo =383
Fig. 8.51
Task Expected time {#,) Start Finish Total Noat
Earlicst Latest | Earliest Latest

A 54 0 0 54 514 0
B T U] 3% TV 16 8%
C 10%4 514 1% 16 16 0
D 34 0 10 k]1%] 13 10
E 7 16 16 23 23 0
F 94 314 1314 13 23 10
G 12 34 18i4 1514 3044 15
H 64 23 23 2944 2914 0
1 5 23 2544 28 30l 24
] 8 28 3014 36 38l 173
K 94 2914 2914 31k 384 Q
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Critical pathisA 5 C > E—3 H - K.
Example 16. A project has the following characteristics.

Activity Most Optimistic Time Most Pessimistic Time Most likely Time
(a) (b} (m)
(1-2) 1 5 15
(2-3) 1 3 2
2-4) 1 5 3
(-5 3 5 4
@-5) 2 4 3
(4-6) 3 7 5
N 4 6 5
-7 6 8 7
(7-8) 2 6 4
(1-9) 5 B 6
(8-10) 1 3 2
(9-10) 3 7 . 5

Construct a PERT network. Find critical path and variance for each event. Find the project duration at
95% probability.

Solution. Activity expected times and their variances are computed by the following formulae :
a+b+4m v_[b—a

Expected time, (t,) =

6 L 6
Activity (a) ()] (4m) t v
(1-2) 1 5 6 2 4/9
(2-3) 1 3 & 2 179
2-4) 1 5 12 3 4/9
(3-5) 3 5 16 4 1/9
(+5) 2 4 12 3 1/9
{4-6) 3 7 20 5 4/9
D 4 6 20 5 179
61 6 8 28 7 179
7-8 2 6 16 4 4/9
7-9) 5 8 24 6Y% 174
(8-10) 1 3 8 2 179
(9-10) 3 7 20 5 4/9

The network is constructed as below. the earliest and latest times of each event have been computed and
indicated on the network. With the help of latest times, the longestpath 1 52 — 4 — 6 — 7 — 9 — 10 can
be traced.

. = E, =
g E;=8 19
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Example 17. Obtain the critical path and project duration for the following PERT network.

Fig. 8.53
Solution. E’s and L's for all events are computed below on the network diagram by forward and
backward passes respectively. This provides us the project duration as 51 days.
The network analysis table is construced as below.

E,=0 =10
L =0 LE:=10

Fig. 8.54
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Activity Duration Start Finish Total float
Earliest Latest Earliest Latest
(t-2) 10 0 0 10 10 -0
2-3 2 10 10 12 12 0
2-5 6 10 26 16 12 16
(3-4) 12 12 12 24 24 ’ 0
3~ 9 12 27 21 36 15
(4-5) 8 24 . 24 32 32 0
{4-6) 5 24 3 29 36 7
(4-8) 10 24 26 M 36 2
(5-8) 4 32 kY] 36 36 0
6-7 0 29 36 29 36 7
7-9 7 29 36 35 43 7
(8-10) 5 36 36 4] 41 0
-1 B 36 43 44 st 7
(10-11) 10 41 4] 51 5l 0

The critical path is traced along zero total float activities as 1 — 2 239545598510 1]landis -
shown by double lines on the above network.,

Example 18. In the network shown below, the three time estimates for the activities are indicated.
Number the events according to Fulkerson’s rule and calculate the variance and expected time for each
activity. ' :

Solution. Using the formula ¢, = (¢, + 41, + t,}/6 , variance o= {t, - r(,)z/ 36, compute the following
table.

Activity fo Im I [ g
(1-2) 3 6 10 62 1.36
(1-3) 6 7 12 17 1.00
(1-4) 7 9 12 9.2 0.69
2-3) 0 0 0 0.0 0.00
2-5) 8 12 17 . 12.2 225
(3-6) 10 12 15 12.2 0.6%
(47} 8 13 19 13.2 336
(5-8) 12 14 t5 139 0.25
67 8 9 10 9.0 0.11
-9 13 16 19 16.0 1.00
(8-9) 4 7 10 7.0 1.00
7-10 10 13 17 132 i.36
“-11 6 8 12 84 1.00

(10-11) 10 12 14 12.0 0.66

10-13-17

Fig. 8.55
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Example 19. A project is represented by the network shown below and has the following data ;
Task A B c b E F G H I
Lear time 5 18 26 16 15 6 7 7 3
Greatest time 10 22 40 20 25 12 12 9 5
Most likely time 8 20 33 18 20 9 10 8 4

Determine the following :

(i) expected task time and their variance,

(i) the earliest and latest expected times to reach each node,

(iii) the critical path, and

(iv) the probability of node occuring at the proposed completion date if the original contract time of
completing the project is41.5 weeks

Solution. (i) Proceeding as in above example obtain the following table :

Activity [ M tm t, ¢
(1-2) 5 10 8 7.8 0.69
(1-3) 18 22 20 200 0.44
(1-4) 26 40 33 330 543
-5 16 20 18 18.0 0.44
2-6) 15 25 20 20.0 278
3-6) 6 12 9 9.0 1.00
4-7 7 12 10 9.8 0.69
-1 7 9 8.0 0.1
{67 3 4 4.0 01§

(i) Proceeding exactly as in above example, find earliest times in usual notations.

E =0,E,=0+78, Ey=0+20=20,E,=0+33=33, Es=78+18=258,
Eg=max [7.8 +20, 20 + 9] = 29, E, = max [33 +9.8, 25.8 + 8,29 +4] = 42.8.

Moving backwards, calculate the latest times as before,
L,=428,Lg=428-4=388,Ls=428-8=343,L,=428-9.8=33,1,=388-9=298

L, =min [34.8 - 18,38.8-20]=16.8, L, =min [16.8 - 7.8,29.8 - 20, 33 - 33] = 0.

(iii) ‘To find the critical path, calculate slack time by taking difference between the earliest expected
times and latest allowable times. Calculations are given in the following table and critical path is shown by
double line in the following figure.
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Node (i) t, E L; Slack Var. ;
2 78 78 16.8 9.0 0.69
3 200 20.0 298 9.8 0.44
4 33.0 130 330 0.0 542
5 18.0 258 343 9.0 1.13
6 9.0 29.0 383 9.8 1.44
7 9.8 428 428 0.0 612

= m

- -

" Fig. 8.57.

(iv) The scheduled time of completing the project is 41.5 weeks. Therefore, the distance in standard
deviations, that schedule time from earliest expected times E;, is given by

STi-Ei _41.5-428

Die el eIy -2

where ST; denotes the schedule time.

Therefore, P(Z 2> ~0.52) =1 - PIZ £0.52] = 1 - 0.70 = 0.30 {from Normal Table) which is the arca under the

standard normal curve bounded by ordinates at x = 0, and x = 0.52.

From this it is concluded that if the project is performed 100 times under the same conditions, there will be

30 chances when this job would take 41.5 weeks or less to complete it.

Example 20. The following table lists the jobs of a network with their estimates.

Job (i—j) . Duration {days)
Optimistic (£,) Most likely {(4,) I Pessimistic {¢,)
(1-2) 3 . 6 15
(1-6) 2 5 14
-3 6 12 30
(2-4) 2 5 8
(3-5) 5 1 17
{4-3) 3 6 15
67 3 9 27
{5-8) 1 4 7
(7-8) 4 19 . 28

(i) Draw the project network, (i) calculate the length and variance of the critical path, and
(iii) what is the approximate probability that the jobs on the critical path will be completed in 41 days.

Solution. Using the formular, = (1, + 44, +1,)/6 and &= (tp=~ r,,)z/ 36, calculate , and o

Activity : 1-2) (1-6)  (2-3) 24 G3-5 45  (6-7 5-8) (7-8)
‘, : 7 6 14 5 H 7 1 4 18
& : 4 4 16 1 4 4 16 1 16

The earlicst expected times are calculated as
E=0,E=0+7=7E=7+14=21,E,=7+5=12,E5=max {2] +11, 12+7]=32,
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Es=0+6=6, E;=6+11=17,Eg=max [32+4, 17+ 18] =36.

The latest expected times are calculated as :

L3=36,L,=36-18=18,Ls=18-11=7, Ls=36-4=32,L,=32-7=25, L,=32-11=11,

I,=min[21 ~14,25-5]=7,Li=min[7-7,7~6]=0. :

For the critical path, calculate the slack time by taking the difference between the earliest expected times
and latest allowable times. Critical path is shown by double line in the following diagram.

E,=7 E,=21
L=7 Ly=21

11

6 E =
7 : L,=18
Fig. 8.58

b

The optimum length of the critical path is 36 days and variance of the critical pathis4+ 16 +4 +1=25.

Now the scheduled time of completing the jobs is given 41 days. Therefore, the distance in standard
deviations, that schedule time from earliest expected time is given by

pa- =B _41-36_5_,
VVar)] 25 5

where ST; denotes the scheduled time.

Hence P(Z<D) =0.84, which is area under standard normal curve bounded by the ordinates
x=0andx=1.

This concludes that only 16 times the job would take time longer than 41 days.

Example 21. Consider the network shown in the figure given below. The estimates of 1, t,, and {, are
shown in this order for each of the activities on the top of the arcs denoting the respective activities. Find the
probability of completing the project in 25 days.

Fig. 8.59

Solution. Using the formula for expected activity duration 7, and the variance o7, these values arc
obtained as shown below : '
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Activity Iy Im I 1, o
(1-2) 1 2 9 3 1.78
2-3) 1 4 7 4 1.00
(2-4) 2 4 12 5 278
(3-4) Q0 0 1] 0 0.00
G3-5 2 3 4 3 0.11
3-7 6 8 16 9 2.78
(4-5) 4 6 8 6 0.44
4-6) 3 5 7 5 045
(5-6) %) 1 ey 1 0.03
(5-7 5 7 15 8 2,78
67 & 5 13 6 278

Now calculate the earliest expected times and the latest allowable time making use of all ¢,’s. For critical
path, determine the slack time by computing the difference between the earliest expected times and latest
allowable times. The critical path is shown by double line in the following figure.

The optimum length of critical path is 22 days and the variance of the critical path is 7.78.

But, the scheduled time of completing all the activities is 25 days. Therefore, N

D;= ;rsf-‘%. =%5(1sz:;? =1.08. where ST; denotes schedule time.

From standard normal tables, P(Z < D;) = 0.86

©

—m
"oy

E,=7
Li=8
Fig. 8.60

Example 22. In the following table optimistic, most-likely and pessimistic times are respectively shown
against each connected activity from 10 to 100 in a project. Find the critical path by constructing a network.

The scheduled completion time for the project is 48 days. Calculate the probability of finishing the project
within this time (given that 89.5% probability corresponds to a normal deviation of + 1.25).

Activity Times Activity Times

(10-20) 4,8,12 20-30 1, 4, 7
(20-40) 812,16 30-50 3 57
(40-50) 0, 0 0 40-60 36 9
(50-70) 3 6, 9 50-80 4,8 6
(60-100) 4,6, 8 T0-90 4,8, 12
{80-90) 2, 5 8 90-100 4,10, 16

Solution. The expected activity time 7, and the variance o are calculated as given in the following table.
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Activity 5 tm t 1= (1, + 4ty +1,)/6 | & = (1, — 1,)/6)°
(10-20) 4 8 12 8 1.78
(20-40) 8 12 16 12 178
(40-50) 0 0 0 0 0.00
(50-70) 3 6 9 6 1.00
(60-100) 4 6 8 6 0.44
(80-90) 2 5 8 5 1.00
(20-30) 1 4 7 4 1.00
(30-50) 3 5 7 5 0.44
{40-60) 3 6 9 6 1.00
(50-80) 4 8 6 7 o.11
(70-90) 4 8 12 8 1.78
(90-100) 4 10 16 10 4.00

To find the critical path, calculate the earliest expected time and the latest allowable time and then obtain
thc. dgfference_ begween these two, Variances for each node (i) are calculated by rules given after Table 8.5,
This information is given in the following table,

Node E(T) - Li(T) Slack T, Var. (i)
20 8 8 0 1.78
30 12 i5 3 2.78
40 20 20 0 156
50 20 20 0 3.22
60 26 36 10 4.56
70 26 26 0 422
80 7 29 2 133
90 34 34 0 6.00
100 44 44 0 10.00

Fig. 8.61

The critical path is shown in the following figure by double line.
But, the scheduled completion time for the project is 48 days, therefore
48 — 44

D;= =i = 1.27.
Hence P(Z<D) 0.894, the area under the standard normal curve bounded by the ordinates

x=0and x=1.27.
Example 23. Assuming that the expected times are normally distributed, find the probabthty of meeting

the schedule date as given for the network.
Activity (i - ) Days :
Optimistic {a) Most likely (m) Pessimistic (b)
(-2 2 ' 5 4
{1-3) 9 12 15
(2—4) 5 14 17
(3-4) 2 5 "8
(4-5) 3 6 12
{3-5) 8 17 20
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Scheduled project completion date is 30 days. Also find the date on which the project manager can
complete the project with a probability of 0-90.

Solution. The expected activity time 7, and the activity variance o? are calculated in the following table.

Activity (@) (m) (&) t o
(1-2) 2 5 14 6 4
(1-3) 9 12 15 12 1
2-9) 5 14 17 13 4
(3-4) 2 5 8 : .5 1
(4-5) 6 6 12 7 1
(3-5) 8 17 20 16 4

For the critical path, determine the earliest expected time and the latest allowable time and then find the
difference between the two.

The critical path is shown in the following fizure by double line. The optimum length of the critical path
1 52 >4 - 50rl — 3 — 5is 28 days and the variance of the critical pathis 9or 5.

&

Fig. 8.62

But, 'the scheduled time of completing all the activities is given 30 days. Therefore, the distance in
standard deviation, that schedule time from earliest expected time, is given by
ST, — E; .
D;= Var O] where ST denotes schedule time
30-28 30-28
==% 5 - 0-65 or 0-89
Hence P(Z € D;) = 0-71 or 0.81 [from standard normal tables].

8.11. UPDATING

Many benefits of network planning may be lost if updating or review of the network from time to time is not
carried out. The updating implies the study of the progress that has been made and its impact on the remaining
jobs or activities. This also includes revising estimates of time on various activities, re-drawing of the
remaining network and calculation of critical paths. Latter two steps are necessary because original values
were the estimates, and the critical path is based on these estimates. If these estimates have changed or better
values are found, it is not necessary that the new critical path is the same as before.

Consider a situation that on the 10th day since the beginning of work, the designer finds that activities 2-5,
7-5 and 6-8 are completed and remaining ones are due to start
tomorrow. The designer is interested to know the chances of 3 N\ 4
completing this project by 20th day. @ Qf @

For this, only the remaining portion of the network is
relevant, Activities that are completed by now cannot influence .
the remaining network. The revised network (consisting of Fig. 8.63
incomplete jobs) is : T
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The expected duration for the remainder of the project is 7 days and the total variance is 8/36. In order to
finish the job by 20th day, there are 8 more days available.
Therefore, Prob. of finishing the job in 8 days is given by

Prob[¢<8]=Prob| Z% % =Prob [Z < 2.12] = 0983 (from normal tables).

This is much higher than the original value of 83% calculated before the project was commenced. In this
example, it is assumed that original estimates for activities 8-9 and 9-10 are still valid. If they are not the same,
revised values are used. ' ‘

In order to derive maximum benefits from the network technique, updating must be done as frequently as
economically possible. Revising the network, recalculating the critical path, and finding new estimates will
involve management and personnel time, but to maintain the dynamic nature of the network, updating is a
necessary evil,

8.11-1. An lilustrative Example

To explain the method of up-dating, we consider the following network.

Now we suppose that the process is reviewed at the end of 10th day and it is found that—

(i) activities (0—1),{(0—2)and (1-—3)are completed,

(i) activity (2—3) is in progress and will take 6 days more,

(iif) activity (2—4) is in progress and will take 7 days more,

(iv) also, it is estimated that on account of arrival of new machine, the activity (3—5) will take 6 days
only. ; .

Above information can be put into a tabular form as shown below :

E,=3 Ey= 14 Ey =24

Fig. 8.64
Review Time Atfter 10 Days
Activity More than required (days) Situation
-1 0 Complete
(0-2) 0 Compiete
(1-3) 0 Complete
2-3) 6 In Progress
(240 7 In Progress
(3-5) 6 Not Started
4-5 6 Not Started
(4-6) 9 Not Started
(5-6) 8 Not Started
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The up-dating can be performed by two methods, The first method is to use the revised time estimates and
calculate from the initial starting event. Secondly, the more convenient method is to change the complete work
to zero duration and bunch all the jobs already done into a single arrow called the elapsed time arrow. But, the
nodes in the revised network are numbered in a different manner. The time duration assigned to the activities
are the revised times. In the revised network shown in Fig 22.64, activity (0—20) indicates the elapsed time of
10 days. Activities {20—30) and (20—40) are allotted the times which are required for their completion.
Along other activities we put their revised time estimates, Now, after computing the earliest expected times
and latest permissible times, we observe that critical path is changed to 0 — 20 — 40 — 50 — 60.

The total duration is also reduced now by one day.

To represent the information regarding the original schedule, bar charts (Fig.8.65) can be used in the
process of updating.

I m
o
=t
o

Fig. 8.65

The nature of the projectat the end of 10 days is represented by shading the bars as shown in the Fig. 8.66.
The updating line indicates that activities 1-3, 2—3 and 2—4 are in progress, but after reviewing the project
we observe that the activity 1—3 has already been completed. So we shade this duration through the total
length. The changes in the lengths of bars to show the increase or decrease in activity duration is represented
with the help of dotted lines.
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Fig. 8.66



NETWORK MODELS (PERT/CPM) 355

For example, activity 2—3 needs 6 more days and is therefore extended upto 16, and activity 2—4 is
extended upto 17. Activity 3—5 can be completed in 6 days only in comparison to the original 10 days, but it
can be started only when activity 1—3 becomes complete, that i, after 6 days. So the bar needs shifting to the
right and is cut to the proper length of : :

Gfdayi._’ Now activity 4--5 can start DAYS
after days only and is therefore | ACTVITY 0
shifted to the right by one dﬂy. In the 1 ?I 1A 11 L .|1I5| i 12101 L |2|5| Ll lmlll il lalsl il 1‘}0
like manner, activity 5—6 can be o1
started after 23 days and is shifted by
one day :i(: the left. The bar chart 02
corresponding to the revised network
will now look as shown in Fig. 8.66. o | [
There is no special to decide about 3 }
the frequency of up-dating, i.e. how & 11
many times the up-dating should be 24
done. This depends upon the size and —
nature of the project and also upon the BT 11
attitude of the management. But, P 4
however, a general opinion is that the .
f;;eqt;}cency of up-dating may be less in 6 F C—1:
the beginning but should be more
frequent near the completion of the T 8 I
projec{_ot'course,somcs]ippagesin PSP TP PUAPIPE NI IAPIPIPE BTN I I P |
the beginning can be absorbed, but a 5 PERIOD OF 15 20 25 P‘:’ B w0
slip near the completion of the project RIOD OF
will delay the project. In small UPDATING com
projects, as the time of absorbing the Fig. 8.67

slippages becomes less, more frequent up-dating is called for.
8.12. RESOURCE ALLOCATICN '

While developing the PERT and CPM networks we have generally assumed that sufficient resources are
available to perform the various activities. In every production eriterprise, resources are aiways limited and the
management always wants to assign thesc various activities in such a mauner that there is best possible
utilization of available resources. At a certain time the demand on a particular resource is the cumulative
demand of that resource on all the activities being perfored at that time. Proceeding according to the
developed plan, the demand on a certain type of resource may fluctuate form very high at one time to & very
Jow at the other. If it is a material or unskilled labour which has to be procured from time to time, the
fluctuation in demand will not much affect the cost of the project. But, if it is some personnel who cannot be
hired and fired during the project or machines which are to be hired for the entire duration of the project, the
fiuctuation in their demand will affect the cost of the total project due to high idle times. In order to reduce the
idle time, the activities on non-critical paths are shifted by making use of the flcats and an alternative schedule
is generated comparing the more important resources with the object of smoothening the demand on
resources. PERT and CPM techniques provide us valuable guidelines for most systematic and economic
allocation of resources. The resources are some sort of variables : labour, capital and equipment.

In the preceding sections, it has already been explained that the presence of slack or float for any event or
activity enables the production manager to delay that activity for some time and utilise these resources to some
more urgent activities. The main object of the organization is not to waste the man-hours or materials. The
specified quantity of resources should be available at the desired moment so that the work is not held-up and
the plant, equipment and the space should be utilized to its maximum possible capacity. ,

The resource allocation procedure consists of two main acitvities : resource smoothing and resource
levelling, depending upon the type of constraints.

Resource Smoothing. If the constraint is the total project duration, then the resource allocation only
smoothens the demand on resources in order that the demand of any resource is as uniform as possible, The
periods of maximum demand for resources are located and the activities according to their float values are
shifted for balancing the availability and requirement of resources. So the intelligent utilization of floats can
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smoothen the demand of resources to the maximum possible extent. Such type of resource allocation is called
‘Resource ‘Smoothing’ or Load Smoothing’'.

Resource Levelling. There are various activities in a project demanding varying levels of resources. The
demand on certain specified resources should not go beyond the prescribed level. This operation of resource
allocation is called ‘Resorce Levelling’ or ‘Load Levelling’.

Althouth the overall resources of the organization are limited, but these should not go beyond the
maximum amount required to perform an activity among all the activities in the process, otherwise that
particular activity cannot be completed. In the process of resource levelling, whenever the availability of a
resource becomes less than its maximum requirement, the only alternative is to delay the activity having
large large float. In case, two or more activities require the same resources, the activity with minimum duration
is chosen for resource allocation,

8.12-1. Main Steps in Resource Smoothing

Step 1. The first step in resource smoothing is to determine the maximum requirement. One way is to draw
the time scaled version of the network and assign the resource requirements to activities.

Step 2. Then, below the time scaled network, the cumulative resource requirements for each time unit are
plotted.

Step 3. The resource histogram is plotted on the basis of early start times or the late start times of the
activities. These resource histograms establish the framework under which the smoothing or levelling

must occur.
8.12-2 An Blustrative Example
To illustrate the resource smoothing operation, we consider the Activity Crew Size (Men)
network shown in Fig. 8.68 (see page 367). For simplicity, only kind ©-h 4
of resources, i.e., crew size, has been considered. (-2 3
The manpower required for each activity is given below. (1-3) 3
Step 1. The earliest and latest times of events are computed and (i":) 2
indicated along the nodes in the above network diagram. The (}'_6) )
critical path is shownas0 = 1 535579, where (4_1) :
the total project duration is 20 weeks. iS 7; .
Step2. In the time scaled version of the network (which is also ‘ 6:8) )
called squared network), first of all the critical path is drawn (1-9) 2
along a straight line. Then the non-critical paths are added as 8-9) 9

shown in Fig. 8.68. .
The resource requirements are indicated along the arrows.

E,=16 =20
L:=1 E:=20
4
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Step3. After the squared network, draw the resource histogram as shown below in Fig. 8.69. This is based
on the earliest start times, and is obtained by vertically summing up the man-power requirements for

each week.
3M SM au
:
!
@——~(1 3 "Q :/‘JI\ o 9
4M 3M aM A/ eM \_/ 2M

4M \_/ M \"J oM

Fig. 8.69

Here we observe that the maximum demand of 15 men occurs in 15th and 16th week.
Stepd. (Shifting of Activities). To smoothen the resources (load) the activities will have to be shifted
depending upon the floats. Path 3 — 6 — 8 — 9 has a float of two weeks, and the activities 6—8 and
8—9 are shifted to the right in order that the starting of each is delayed by two weeks. Similarly,
activity 4—7 can be shifted to the right so that it starts on 10th day instead of starting on 7th day.
After making the necessary shifting, the network is drawn as shown in the Fig.8.70.

15 : s
10 10
" &

|
s 5
0
0 4 8 12 16 2%
Fig. 8.70

Step 5. The resource histogram for above network (Fig. 8.71) is drawn in Fig 8.72, which it!dicatcs that
maximum manpower required is 11 men. Hence with new schedule, the same project can be

accomplished in the same duration of 20 weeks by 11 men as compared to 15 men for the previous
schedule.
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15

15

Fig. 8.72

8.12-3 Resource Levelling

Resource levelling is done if the restriction is on the availability of manpower. Suppose only 9 men are
available for the execution of the project. Since the demand cannot be reduced to 9 by smoothing, a new

15
10 10
I i
5 5
00 1]
4 8 12 16 20 24 25

Fig. 8.73
scheduling situation will occur. In order to bring down the peak to 9, the only altemnative is to extend the
project duration as shown in the Fig. 8.73. In this network, it is worthnoting that there is no critcal path and the
project duration is increased to 25 weeks.
If the number of categories of resources considered becomes more than one, then a compromise will have
to be made to the minimum level of each resource in the resource smoothing.

8.1244. lilustrative Example
Example 24. Given the following information, suggest some appropriate allocation schedule :

Fig.8.74
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and the Resource Table is as given below :

Criticat Activity Non-Critical Activity
Activity Men/day Men Aclivity Men/day Men
1-2 48 8 2-5 2 2
2-3 16 4 56 9 3
34 18 6 67 12 4
4-7 16 4
1-8 20 4

) Solution. The maximum duration of the project is 22 days and the maximum number of laboures required
is 8 for the activity 1-2. The earliest time to start various activities are calculated and then a time-scale
network is constructed by taking the critical activities on the horizontal line and slack activities above it (see

Fig.8.75).

' Fig.8.75

Here for the activity 1—2 we require § men for 6 days, for the activity 2—3 we require 4 men for 4 days.

But, the acitivities 2—5 and 5—&6 can also be run simultaneously with the activity 2—3 becausc the activity
3 men for 3 days. So the requirement of man

2—S5 requires 2 men for one day and activity 5—6 requires
during first 10 days will be as follows :

Activity Men Days
-2 8 6
-2-3 and 2-5 442 1
2-3and 5-6 443 3}4days

Hence 8 men can easily do the work for first 10 days.

Now the activity 3—4 requires 6 men and if the activi
only 10 men for first 3 days which is not at all possible. B
i.e. it can be started after 13 days an

it can be delayed by 3 days,
¢ whole project can be finished by assi gning 8 men.

this resource allocation plan, th

The labour allocation can be easily represented by the following histogram.
8—10

Days Number ;
Men Busy 8

1—6

1

1-2

5-6

25 |

11-13
6

6-7

23

4—16 17

4

78

18—22
4

.

0§ 2
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5

Fig. 8.76
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ty 6—7 is also to run simultaneously, then we need
ut, there being a float of 4 days, with activity 6—1,
d run together with activity 4—7. Hence, with
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8.13. USES OF PERT/CPM (NETWORKS) FOR MANAGEMENT

(1) The PERT/CPM technigues help the management in properly planning the complicated projects,
controlling working plan and also keeping the plan upto-date. These are also helpful in searching the
. potential spots and in taking corrective measures.

(2) The network techniques provide a number of checks and safeguards against going astray in
developing the plan for the project. Thus there are little chances of over-sight of certain activities and
events.

(3) These techniques help the management in reaching the goal with minimum time and least cost and
also in fore-casting the probable project duration and the associated cost.

(4) The networks clearly designate the responsibilities of different supervisors. The supervisor of an
activity himself knows the time schedule precisely and also the supervisors of other activities with
whom he has to co-operate.

{5) The flexibility of the network permits the management to make the necessary alterations and
improvements as and when they are needed. These allocations can be made during the deployment
of resources or seviewing.

{6) Application of network techmques has resulted in better managerial control, better utilization of
resources, improved communication and progress reporting, and better decision making.

(7) Application of PERT/CPM techniques have resulted in saving of time which directly results in saving
of cost. Also, saving in time or early completion of the project results in earlier return of revenue and
introduction of the product or process ahead of the competitors, resulting in increased profits.

8.14. APPLICATION AREAS OF PERT/CPM TECHNIQUES

Though the list containing the PERT/CPM application areas is very large, but these techniques are very
widely used in the following typical areas.

{1) Building Construction. It is one of the largest areas in which the network techniques of project
management have found its applications.

(2) Administration. Networks are used by the administration for streamlining paperwork system, for
making major administrative changes in the system, for long range planning and for developing
staffing plans, etc.

(3) Manufacturing. The design development, and testing of new machines, installing machines and
plant layouts are a few examples of its applications to the manufacturing function of a firm.

(4) Maintenance Planning. Maintenance and shutdown of power plants, chemical plants, stecl furnaces
and overhauling of large machines can be carried out by using PERT techniques.

(5) Rssearch & Development. The research and development is the most extensive area where PERT
techniques are used for development of new products, processes and systems.

(6) Inventory Planning. Installation of production and inventory control, acquisition of spare parts, etc,
have been greatly helped by network techniques.

(7) Marketing. Networks are also used for advertising programmes for development and launching of
new products and for planning their distribution.

8.15. DISADVANTAGES OF NETWORK TECHNIQUES

Besides several advantages, the following difficulties are faced by the management while using the network
techniques :
(1‘)l The difficulty arises while securing the realistic time estimates. In the case of new and non-repetitive
type of projects, the time estimates produced are often mere guesses.
(2) Itis also sometimes troublesome to develop a clear logical network. This depends upon the data input
and thus the plan can be no better than the personnel who provides the data..
(3) The natural tendency to oppose changed results in the difficulty of persuading the management to
accept these techniques.
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(4) Determination to the level of network detail is another troublesome area. The level of detail varies
from planner to planner and depends upon the judgement and experience,

(5) The planning and implementation of networks require personnel trained in the network methodology.
Managenllems are reluctant to spare the existing staff to leam these techniques or to recruit trained
personnel.

SELF-EXAMINATION QUESTIONS

. Explaininbrief : PERT, CPM, crashing, dummy activities and lead time with reference to project management.
[Meerut 2002]

-

2. Give in brief the role of statistical analysis in project management.
3. Explain the following terms in the contaxt for project management,
(/) Resource fioat, (i) Activity variance, (iii) Project variance.
. How uncentainty can be incorporated in PERTmodel 7
. Discuss In brief the following concepts in PERT/CPM.
(/) Time-cost trade-off, (#) Resource levelling in a project.
6. Whatis critical path anatysis ? Describe with illustration its utifity in project planning and control.
7. How can the probabiiistic network provide data helpful for managerial decisions. ‘
8. Define “Critical path”, “Slack time”, “Resource Jevelling” and “Dummy activity” with reference to PERT and CPM.
9. (a) in PERT, the approach is probabilistic. Explain.

(b) Whichisthe type of theoretical distribution used in the determination of expected time in PERT ? Give the equations
for the expected time and variance.

10. What do you mean by PERT-cost ? Explain its utility.

11. (a) Whatis the difference betwean the time estimates ofa PERT activity and a CPM activity ? [Meerut 2002]
(b} Distinguish batween an activity and an event.

(c) State Fulkerson's ruls for numbering the nodes in a network.

12. Explain with suitable examples, the following tems
(a) Simpiified PERT (b} Full PERT(c) CPM

13. (a) What is network analysis 7 When is it used 2 What is meant by the phrase ‘critical path’ 7 When is any sequence of

aclivities in a network critical ? Wy should we want to know which activiies are critical and which are not ?
(b) Explainthe foliowing terms in PERT/CPM: i
{i) Earliest ime, (i) Latest time, (iii} Total activity stack, {iv) Event slack, (v) Critical path.

14. What Is critical path méthod (CPM) ? The programma avalution and review technique {PERT) ? What does each
involve ? How are they similar ? Different 2 What particular advantages does PERT have over CPM ? Why is this an
advantage for the operations manager i .

15. Give your comments on PERT and CPM.

16. Briefly explain the following with examples in relation of network analysis :

(i} Crashing, {ii) Resource Allocations.

17. Explain with illustrations, possible type of resource lavelling.

18. State the circumstances where CPM is a better technigue of project management than PERT. [Delhi (M.Com.) 80, 89]

19. How does the PERT technique help a business manager in decision making. [Delhi (M.Com.) 80]

20. Critically commenton the assumptions based on which PERT/CPM analysis is done for the projects. [C.A. (May) 91]

(L

EXAMINATION REVIEW PROBLEMS
1. For the foliowing data, draw network. Find the critical path, slack time after calculating the earfiest expected tine and the
latest allowable time .

Activity Duration Activity Duration
(1-2) 5 5-9 3
(1-3) 8 (6-10) 5
(2-4) 6 7-10) 4
{2-5) 4 (8~11) 9
(2-6) 4 (9-12) 2
3-N 5 (10-12) 4
(3-8) 3 (11-13) I
(4-9) l (12-13) 7

[Am. E| =0, L|‘—'-0: Ez=5, L=9; Ea=8, L3=8: Eg=11. L4=18; E5=9, L5=16: Es=9; Lg=12; Er=13. L7=13‘.
Es=11,L3=1B: EQ=12,L9= 19, E10=17,L10=17: Ej1 =20, Ly =27; E12=21,L12=21:E13=28. L13=28.Critica|
path:1 3337310 12 — 13, Event slack:0,3,0,7,7,3.0, 7,7,0,7,0,0]
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. (a) What do you understand by : (i} Criticas! and semi-critical

. Given the foliowing “system flow plan™.

OPERATIONS RESEARCH AND ENGINEERING MANAGEMENT

2. Asmall projectis composed of 7 activities whose time estimates are listed in the table below. Activities are identified by

their beginning (i) and ending {j) node numbers.

Activity (i—j) . Estimated Duration {Weeks)
Optimistic Most likely Pessimistic
(1-2) | l 7
(1-3) 1 4 7
(1-4) 2 2 8
(2-5) 1 1 t
(3-5) 2 ] 14
(4-6) 2 5 8
{5-6) 1 6 15

() Drawthe project network and identify all paths through it.

(i) Find expected duration and variance for each activity.

(i) Calculate early and late occurrence time for each node. What is expected project length ?

v Calcullaledtha variance ang standard deviation of the project length. What is the probability that the project will be
completed,
(/) at least 4 woeks earlier than expectad time; (#) no more than 4 weeks later than expacted time ?

(v) Itthe project due date is 18 weaks, what is the probability of not meeting tha due date.

Given : z . 0.50 0.67 1.00 1.33 2.00
P : 0.3085 0.2514 0.1587 0.0918 0.0228
[Gujarat {M.B.A.) 90]
. Aproject scheduls has the following characteristics. .
Activity ij Most optimistic time Most likely time Most pessimistic time
(1-2) 1 2 3
2-3 1 2 3
2-4) t 3 5
{3-5) 3 4 5
4-5) 2 5. 4
{4-6) 3 5 7
-7 4 5 &
6-7 6 7 _ 8
(7-8) 2 4 6
{7-9 4 6 8
(8-10) 1 2 3
(9-10) 3 5 7

Constructa PERT network and find out ;

(H The earliest possible time ( T,) to complete the different stages of the project.

(i) The latest allowable time (T;) for them, (/i The slack values, (iv) The critical paths,
{¥) The probability factor for completing the project in 30 weeks.

path, (i} o for a network, (i) Slack time,
(") Probability of finishing an activity within scheduled
time.

(b} Number the glvén network (Fig. 8.76) : determine the
critical path and the probability of finishing the project
within the scheduled time 7, - 35,

Assume ;
probability (= normal deviate = 50 + 35 x (+ normal deviate)

Also,given that the original schedule of the complstion of the
project is 8 hours. The first coordinate on the activities stands
for the expected value of the activity times and the second
coordinate stands for the variance of the activity time in hours.
Determine the following : (/) Critical path for the project. (i
Probability of complating the project in time.

Fig. 8.78
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&. Asmall project is composed of seven activities where ime estimates are listed in the 1able below. Activities are identified
by their beginning (i) and ending () node numbers.

Activity i~ Optimistic Most likely Pessimistic
(1-2) 0.7 1.0 1.3 *
2-3) 38 ' 5.6 98
(2-4) 52 76 12.4
(3-4) 2.1 27 6.1
(4-5) 0.7 34 37
(5-6) 0.7 1.0 1.3

() Find the expected duration and standard deviation for each activity.
() Whatis the probability that the project will be completed two weeks earlier than expected ?
7. Notmal times, crash times and costs are given below for the following project.

Activity (i—f) Time (in days) Cost (in Rupees)
) Normal Crasth Normal Crash

(1-2) 8 3 7,000 10,000
(1-3) 4 2 6,000 8,000
(2-3) ] 0 0 0

(2-5) 6 1 9,000 11,500
3-4) 7 5 2,500 3,000
(4-6) 12 8 10,000 16,000
(5-6) 15 10 §2,000 16,000
(5-7 6 12,000 14,000
(6-8) 5 5 10,000 10,000
(7-8) 14 7 6,000 7,400
(7-9) 8 5 6,000 12,000
(8-9) 6 4 6,000 7.800

Indirect cost per dayis Rs. 1,000/~
Draw the network diagram and determine, by trading-olf between time and cost parameters, the optimum project
completion time and the minimum total cost of the project.
Draw the network diagram for a projectt consisting of 12 tasks (A 8, ..., L) in which the following precedence
relationship must hold {X < ¥ means X must be completing before Y can start)
A<C.A<B BeD;B<G B<K C<D, A<G D<E E<F.Feh Fal Fc<l; Gz, Gel;Hel<J;and K< L
Given the following task times for the above project, Iocate the critical path :
Task : A B C D E F G H i ] K L
Time : 30 7 10 14 10 7 2! 7 12 15 30 15
Find also the free and total floats for the non-critical activities.
9. Briefly explain PERT/Aime and PERT/Cost. Given below is a list of activities and sequencing requirements as indicated,
wheih comprise necessary activities for the completion of a thesis.

Actlvities Description Prerequisite Activity Expected time (weeks)
a Literature search None 5
b Topic formulation - None 5
c Committee selection b 2
d Formal proposal c 2
e Company selection and contact ad 2
f Progress repott d 1
g Formal research a,d 6
h Data collection e 5
i Data analysis g.h 6
j Conclusions ' i )
k Rough draft g 4
1 Final copy ik 3
m Viva examination ! |

(a) Draw a network diagram of this project, (b) List the activities which are on the critical path,
(c) What is the minimum projact complation tima.
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10. The following figure gives a CPM network for a

11,

12.

13.

14,
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projectin arrow notation in which durations are given
in number of weeks. Compute for each job :

(/4 Earliest start time,

(i Earliest finish time,

(iii) Latest start time,

(V) Latest finish time,

(v} Total float

{vi Free Float,

(vif) Independent float.

Fig. 8.79

Describe the following by network :
2 3 4 3 3 12 3 5 8 0
A-5B A5 CB-CBHD CHF DE E5>GE-SHF-HGHH,
There is a constraint that activity F— H cannot start till the activity D - Eis completed. Determine the critical path and
tabulate the eartiest start time, earliest finish time, tatest start time, latest finish time, total, float free fioat.
A research and development department is daveloping a new powar supply for a conscle television sét. It has broken the
job down into foliowing form :

Job Description Immediate Predecessor Time (days)
a Determine output voltages - 5
b Determine whether to use solid state rectifier a 7
c Choose rectifiers b 2
d Choose filters b 3
e Choose transformers c 1
f Choose chassis d 2
g Choose rectifier mounting c 1
h Layout chassis e f 3
i Build and test g h 10

(h Draw a critical-path scheduling-arrow diagram, identifying jobs by letters and associating times with each, indicate
the critical path.

{#y What is the minimum time for completion of the project.

A company manufacturing plant and equipment for chemical processing is in the process of quoting a tender called by a

Public Sector Underiaking. Delivery date once promised is crucia! and penalty clause Is applicabie. The winning of

tender also depends on how soon the company is able to deliver the goods. Project Manager has listed down the

activities in the project as under : *
Sk.No, Activity Immediate preceding activity Activity time (week}
1 A -~ 3
2 B - I 4
3 C A 5
4 D A 6
5 E C 7
6 F P 8
7 G B 9
8 H E,.FG 3

(f Find out the delivery week frorn the date of acceptance of quotation,

(i} Find out the totat float, free float, and independent float for each of the activiry.
A reactor and storage tank are interconnected by a 3" insulated process line that needs periodic replacement. There are
valves along the lines and at the the terminals and these need replacing as well. No pipe and valves are in stock.
Accurate, as built, drawings exist and are available. The line is overhead and requires scaffolding. Pipe sections can be
ship fabricated at the piant. Adequate craft labour is available. You are the maintenance and construction superintendent
responsible for this project. The works engineer has requested your plan and schedule for a review with the operating
supervision. The plant methods and standards section has furnished the following data. The precedents for each activity
have bean determined from a familiarity with similar projects,

Activity Description ) Time (Hrs.) Precedents
A Develop required material list 8 -
B Procure pipe 200 A
C Erect scaffold 12 -
D Remove scaffold 4 . LM
E Deactivate line g -
F Prefabricate sections 40 B
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G Place new pipes 32 F,L
1 Fit up pipe and valves 8 G, K
1 Procure valves 225 A
K Place valves 8 3LL
L Remove old pipe and valves 35 C.E
M insulate ) 24 G, K
N Pressure test 6 1
o] Clean-up and start-up 4 D,N

() Sketch the arrow diagram of this project plan.
(i) Make the forward pass and backward calculations on this network, and indicate the critical path and its length.
(i) Calcutate total float and free fioat (both earty and late) for each of the non-critical activities.
15. Draw the network of the following activities and tabulate earfiest and latest starting and finishing time of each activity and

the total and free floats of them :
Activity Description Duration (days)
(1-2) Excavation 4
(1-3) Order and delivery of steel 11
-1 Framework of steel 4
(2—4) Foundation 5
(3-4) Dummy 0
(3-5) Concrete work 8
(4-6) Placement of frames 2
(5-6) Dummy ]
5-9 Back fitling 3
6N Concrtete-stage-2 8
(7-8) Dummy 0
(7-9 Dummy 0
(8-10) Steel work stage-2 10
(9-10) Block filling stage-2 5
{Osmania (MBA) 90]
16. Thefoliowing table gives for each activity of a project, its duration and corresponding resource requirements as well as
total avallability of each type of resources :
Activity Duration (days) Resources required
Machines Men
(1-2) 7 2 20
(1-3 7 2 20
(2-3) 8 3 30
(2-4) 6 4 30
(3-6) 9 2 20
(4-5) 3 2 20
(5-6) 3 2 20
Minimum available resources 4 40

() Draw the network, compute Earliest occurrence time,
each activity and identity the critical path assuming tha
(i) Under the given resource constraints find out the m

utilization of the resources for that duration.
17. The required data for a small project consisting of different activities are given below :

and Latest occurrence time for each event the total float for

t there are no resource constraints.
inimum duration 1o complete the project
: (1.C.W.A. Dec. 90]

and compare the

Activity Dependence Normal duration | Normal cost (Rs.) | Crash duration Crash cost
(days) (days) {Rs.)

A - 6 300 5 400

B - 8 400 6 600

e A 7 400 5 600

D B 12 1000 4 1400

E C 8 800 g 800

F B 7 400 6 500

G B,E 5 1000 3 1400

H E 8 500 5 700

{) Draw the network and find out the normat project length and minimurm project langth.

(i) If the project is 10 be completed in 21 days with minimum crash cost, which activities sh ould be crashed by how

many days ?

[1.C.W.A. June 90]
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18. The following table gives the activities in a construction project and other relevant informations :
Activity : {t-2) {1-3) (2-3) (2-4) (3-4) {4-5)
Duration 20 25 10 12 6 10

(d Find free, total and |ndependent ficats for each activity, (i) Determine th ecrifical path.
[VTU (BE Mech.) 2002; Meerut {I.P.M.) 90]

19. (a) Compare the two techniques PERT and CPM. (4 marks)
[I.C.W.A, June 91, 85; Madras (M.Com.) 90]
(b) What are the assumptions that are underlying in the CPM analysis. (4 marks}
(c) Give one example of one area where CPMtechnique is applied. {1 mark}
(d) The foflowing table gives the various activities, thair duration, direct costs. The indirect cost is Rs. 2,000 per week.
Find the minimum cost schedule using CPMtachnigue. (10 marks
Activity Time (in week) Cost (inRs.) Cost(in Rs.)to
fi=j) Normal Crash Normat Crash expedite per week
(1-2) 8 4 3,000 6,000 750
-3 5 3 4,000 ' 8,000 2,000
(2-4) g 6 4,000 5,500 500
(3-5) K 5 2,000 3,200 600
(2-5) 5 1 8,000 12,000 1,000
(4-6) 3 2% 10,000 11.200 2,400
(5-6) 6 2 4,000 6,800 700
67 i0 7 6,000 8,700 900
(5-7) 9 5 4,200 9,000 1,200
Total 45,200 70,400
(e} Doesyour answer very, if the objective is to minimize the project duration ? In that case what is the cost and E.:ur&aﬂzic:‘lj
mar

[I.C.W.A, Juns 91]
20. The activities of a project are tabulated below with immaediate predecessors and normal & crash time cost.

Activity Iimmeidate Normal i - Crash
predecessor Cost(Rs,) Time (days) Cost(Rs.} Time (days)
A — 200 3 400 2
B — 250 8 700 5
C — 320 s 380 4
D A 4i0 0 800 4
E 600 2 670 1
F B.E 400 6 950 i
H B.E 550 12 1,000 6
G D 300 1 400 9

(i) Draw the network corresponding to Normal time.
- (iiy Determina the critical path and the nornal duration and cost of the project.
(iii} Suitably crash the activities so that the normal duration may ba reduced by 3 days at minimum cost. Also find the
project cost for this shortened duration if the indirect cost per day is Rs. 8. [Gujarat {M.B.A.) §5]
{Hint. Critcalpath: A= Do Hor1 =22-25-27)
Normal duration = 23 days
Nomal cost= sum of normal cost of all the activities + Indiract cost
= Rs. 3030 + Rs. 25 x 23 = Rs. 3605]
21. A marketing manager wants to launch a new product. The table below shows jobs, their normal time arnid crash time and

cost for the project.
Job Normal Crash

Time (days) Cost (Rs.) Time (days) Cost(Rs.)
(1—2) 1,400 4 1,900
(1—3 8 2,000 - 5 2,800
2—3) 4 ‘ 1,000 2 1,500
2—4 3 800 2 1,400
{3—4) Dummy — — —
(3—5) 6 900 3 1,600
(4—6) 10 2,500 6 3,500
(5—6) 3 500 P 800
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Indirect cost for the project is Rs. 300 per day.

() Draw the network of the project,

(i) Whatis the normal duration and cost of the project 7
{iil) If all activities ara crashed, what will ba the project duration and corresponding cost ?
{iv} Find the optimum duration and minimum project cost.

[Hint. {ii) 20 days and Rs. 9,200.

367

[Punjabi (M.B.A.) Dec. 96]

{iii) Following table gives the information regarding oplirhum schedule in terms of crashing and direct cost.

Normal project length Crashing time and cost {days/Rs.) Indirect cost Total cost
(days)
20 — 20 x 300 6,000
9 1 x200=200 19> 300 5,900
13 1 x 250 =250 18 % 300 5,650
17 1 x 250 = 250 17 300 5,350
16 1 %200+ 1 %600+t x233=1033 16 x 300 5,833
22. The relevant data for a project are given below :
Activity Preceding activity Time (in weeks) Cost{Rs.)
Normal Crash Normal Crash
A None 12 10 5,000 7400
B A 9 8 4,300 5.900
C A & 4 3,700 4,900
D C 3 3 2,500 2,500
E B 7 6 3,900 4,800
F D 8 5 4,600 6,100
G D.E 4 4 2,800 2,800
H F 6 3 4,100 6,200
1 G 7 5 4,800 7,800

This project must be compieted in 34 waeks. Sﬁggast the least-

cost schedule for completing the project.

{Celhi (M. Com.) 95]
[Ans. Critical path : A - 8 — E — G — /and the project duration = 39 weeks, and cost of completion is Rs. 35,700.]

23. In planning a project to introduce & new productin the market, a company lists the various activities, their normal times &
costs and their crash times & costs as shown in the table below : -

Activity Immediate Normal Crash
) predecessot Time (7}) Cost (C,) Time (7,) Cost(C,)
A — 5 10,000 4 12,000
B — 2 6,000 2 6,000
C A 4 8,000 3 {0,000
D A 4 10,000 3 15,000
E A 3 11,000 [ 16,000
F c I 7.000 1 7,000
G D 4 8,000 2 12,000
H B.E 5 9,000 3 12,000
I H 2 8,500 2 8,000
] F.G.1 3 7,500 2 10,000

[Delhi (M.B.A.) Dec. 94]
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24. The time-cost estimates for the various activities of a project are given below :

25.

Activity Preceding activity Time (in weeks) Cost(inRs.)

Nornal Crash Normal Crash
A — 8 [ 8,000 10,000
B — 7 5 6,000 8,400
C A 5 4 7,000 8,500
D B 4 3 3,000 3,800
E A 3 2 2,000 2,600
F D.E 5 3 5,000 6,600
G C 4 3 6,000 7,000

Tha project manager wishes to complete the project in the minimum possible time. However, he is not authorised to
spend more than Rs. 5,000 on crashing.

Suggest the least-cost schedule for achieving the objective of the project manager. Assume that there is no indirect or

utility cost. [Deihi {M. Com.) 96]
[Hint.
Project duration Direct cost Indirect cost Total cost
18 85,000 72,000 1,57,000
16 88,000 64,000 1,52,000
15 90,000 60,000 1,50,000
14 92,500 56,000 1,48,500
13 97,000 52,000 1,42,000
12 1,01,000 48,000 1,49,500
Suggest optimum crashing schedule for the following project :
Activity Preceding activity Time (in weeks) Cost (inRs.}
Normal Crash Normal Crash
A —_ 7 4 2,100 3,000
B — 5 3 1,400 1,800
C — B 5 2,700 3,900
D A 2 1 500 1,000
E B 3 I'5° 1,200 1,500
F C 3 15 1,000 1,300
G D,E,F 4 2 1,200 1,700
[Delhi (M. Com.) 98]
The table below provides cost and give estimates of seven activities of a project :
Activity (i —j ) Time estimates (weeks) Diirect cost estimates (Rs. in thousands)
Normal Crash Normal Crash
{1—2) 2 1 10 15
(1—3) 8 5 15 21
(2—4) 4 3 20 24
— | t . i 7 7
(3—5) 2 i 8 15
(4—b6) 5 3 10 i6
(5—6) 6 2 12 36

(i} Draw the project network corresponding to normal time.
(ii} Determine the critical pathg and the normal duration and normal cost of the project.

(iii) Crash the activities so that tha project completion time raduces to 9 weeks, with minimum additional cost.

[C.A. (May) 92]
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27. Asmall project is having seven activiites. The relevant data about these activities is glven below :
Activity Dependence Normal duration Crash duration Normal cost (Rs.) Crashcost (Rs.)
(days) (days) ‘ ~

A — 7 5 500 900
B A 4 2 400 600
C A 5 5 500 500
D A 6 4 800 1,000 *
E B,C ? 4 700 1,000
F C.D 5 2 800 1,400
G E.F 6 4 800 1,600

(i} Find cut the normal duration and the minimum duration. -

{il) Whatis the percentage incrgase in costto complets the project in 21 days 7 [C.A. (May) 97]

A company has recently won a contract for the installation of a die casting machine and its associated building

construction work at a local factory of a larga national firm of electronic enginesrs. The following table gives the various
activities involved in this kjob, their normal time and cost estimates and theircrash time and cost estimates.
Activity Description Predecessor Normal Crash
Time (days) Cost Time (days) Cost
(Rs.) {Rs.)
A Prpeare foundations and underground — 30 90,000 25 1,05,000
services and erect building frame structure
B Fabric part and asscmble steel frames to — 25 1,80,000 20 1,90,000
support the machine
C Collect die casting machine and its — 10 50,000 8 54,000
associated gear from the manufacturers
D Assemble and check control gear, C 10 7,500 7 9,000
E Fit control gear on steel frames and sinstal. B.D 10 4,200 10 4,200
F Fit aluminium sheet wall claddings. AE 20 20,000 16 30,000
G Ercct assembled plant on to prepared AE 35 28,000 30 35,500
foundation and frame work and connect
_services,
Erect mechanical handling plant. B.D 20 12,000 18 15,000
1 Fit ventilation and fire protection system F 20 14,000 15 24,000
1fthe variable overhead costs are Rs. 5,000 per day, determine the optimum project duration. [Delhi (M.B.A.) 95]

29, The following

their immeidater pradecassof,

tabie gives the list of various activities involved in the production of
their normal time andf cost estimates and the

a wireless communication equipment,

ir crash time anx cost estimates :

Activity Activity description Time (months) Cost(Rs.) . Immediate
. Normal Crash Normal Crash predecessor(s)

a System calcualtions 3 1 45,000 63,000 —

b Release of drawings 2 1 15,000 23,000 —_

c Procurement of PSU 12 10 85,000 1,05,000 a.b

d Procurement of raw material 8 6 4,50,000 | 5,00,000 ab

e Preduction documentation 4 k] 40,000 49,500 ab

f Time study/shop order 3 1 25,000 41,000 €

£ PCB Manufacture 6 5 50,000 59,000 df

h Mechanical parts manufacture 7 6 2,00,000 | 2,20,000 df

i Electronic Assetmbly 2 2 43000 | 43,000 cgh
i Testing 4 2 50,500 75,000 i

[Delhl (MBA) Dec. 94)
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30. An elactronics firm has signed a contract to instal an instrument landing device at the local airport. The complete
Instadlation can be broken down into fourtesn separate activities. Each activity (labeled A through N), its predecessor
activities, normal timas and cost, and crash time and cost are given balow. The contract specifies that the instaliation will
be completed within 18 days. There is a penalty of Rs. 10,000 per day beyond the spacified completion time.

Activity Predecessor Normal time (days) Normal cost (Rs.)  Crashtime (days) Crash cost
activities (Rs.)

A — 3 32,000 2 36,000
B —_ 5 55,000 4 50,000
C —_ 6 57.500 4 70,000
D A 7 75,000 5 85,000
E A 4 42,000 3 i 49,000
F B.D 2 18,000 2 18,000
G c 4 42,500 4 48,500
H A 8 85,000 5 1,06,000
I Cc 5 57,500 4 53,500
J C 7 67,500 5 73,500
K EF.G 4 40,000 3 44,000
L H, I 6 65,000 4 75,000
M L 3 28,000 3 33,500
N LK 5 52,500 4 57,500

{) What is the normal time to complete the installation ?
(i} What is the shortest possible time for completion of the instaliation ?
(Ill) What is the most economical period of tima in which to schedule the installation 7

. {iv) Whatis the minimum total cost (installation plus penalty) 7 {Bombay {M.M.S.) 96]
31. Amaintenance project consists of the jobs given in the foliowing table. With each job is listed its normal time & crash and
normal cost & crash cost.
Activity Immeidate Normal Crash
predecessor(s) Time (days) Cost(Rs.) ‘Time (days) Cost(Rs.)

A —_ 15 1,500 5 1,500

B — 15 7,200 10 8,000

C — 30 8,400 18 9,000

D - 20 2,100 4 2,700

E A 12 1,400 ] 1,560

F A 6 800 4 1,200

G E 24 6,800 20 7.800

H F 8 1,000 = 5 1,240

1 F 600 3 900

| B,F 10 3,000 7 3,450

K G,H 11 2,500 8 3,580

L E LK 9 1,800 6 2,700

M Cl 4 2,600 10 3320

N D,] 21 §.400 5 16,800

0 LM 10 1.900 6 2,140

P M,N 12 1,300 10 1,400

Q KN,0 7 700 5 840
R P.E 3 500 3 500 X

Indirect cost per day in Rs. 200.
(a) Check and remove redundant immediate predecessors, If any, (b) Draw an arrow diagram, (¢) Detarmine optimum
time versus cost schedule. : [Delhi (M.B.A.) March, 99]
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32. Fromthe data given below, construct the network and number the nodes using Fulkerson's rule, Calculate the expected
task times and their variance. Carrying out the forward pass computation and backward pass computation, find
Teand T, for all nodes.

Task A B

Least time (days) 4 5 8
Maximum Time (days) ] 7 12
Most likely time (days) 5 7 11

[N O ]

E

4 6
10 15
7 9

G
8

16
12

L - -~ o]

(=)
th o~ W

1
8

6
13
9

Precedence relationship : A, C, D can start simultaneously, E> B, C; F, G> D H I>E F;J>1, G, K>H ;8> A

Also, determine (i)

critical path.

(i) Probability of completing the projectin 40 days.
(iii) Duration of the project if the probability of comptetion=0816.

[VTU (BE Mech.) 2002]

33. What are the requirements for the application.of PERT ? Giva an algorithm for PERT and state the limitations of this
technique, [Meerut (OR) 2003]
34. A muttinational FMCG company wishes to launch a new Fruit Yogurt in the coming season. A brief description of the
activities associated with this project, their expacted durations (in weeks) and their immediate predecessor(s) are given
in the following table ; ]
Activity Description Predecessor Expected Time (Week)
Optimistic Likely Pessimistic
A Management approval — 2 25 4
B Product concept test A 3 47 5
C Technical feasibility A 2 2 3
D Recipe finalization C.B 1 i 2
E Shelf life trials D 8 12 15
E Brand positioning study B 4 5 7
G Packaging key lines F 1 1 25
H Agency advertisement development FE, 4 8 10
I Agency layouts antworks G 2 3 5
] Advertisement test research H 3 4 5
K Cost finalization D 1 1 2
L Pricing decision LF 1 L5 3
M Marketing max finalization L 2 2.5 3
N POS development M- 2 4 5
o Launch plans M 1 1 15
P Branch commaunication O 0.5 05 1
Q Supplier’s delivery of packaging H 4 5 8
R Production trail D.Q 1.5 2 3
5 Management final approval R 0.5 1 1.5
T Final production s 1 25 3
U Stock movement T 05 1.5 2
\Y Position movement T 0.5 1 1.5
W Launchs U, v 1 2 4
Management of the company desires to know the realistic completion time for this project and detailed analysis of float
times (if any). [Deihi (MBA) 2000]
MODEL OBJECTIVE QUESTIONS
1. The objective of network analysis is to
(a) minimize total project duration. (b) minimize total projact cost.
{c) minimize production delays, interruption and conflicts.  (d) all of the above.
2. Network models have advantage in terms of project
{a) planning. {b) scheduling. {c) controlling. (d) all of the above.
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3. The slack for an activity is equal 10
(a)LF -LS. (b) EF - ES. {c) LS -ES. (d) none of the above.
4, The another term commonly used for aclivity slack time is
(a) total flot. {b) free float. (c) independent float. {d) all of the above.
5. Generally PERT technique deals with the project of .
(a) repstitive nature. {b) non-repstitive nature. (c) deterministic nature. (d) none of the above.
6. In PERT the span of ime between the optimistic and pessimistic time estimates of an activily is
(a)3a. b)6o. (©)12a. {d) none of the above.
7. fan activity has zero slack, itimplies that
{a) it lies on the critical path. (b} itis a dummy activity.
(c) the project progressing well. (d) none of the above.
8. Adummy activity is used in the network diagram when
{a) two parallel activities have the sams tail and head events.
{b) The chain of activities may have a common event yet be independent by themselves.
{c) both (a) and (b).
{d) nons of the above.
9. While drawing the network diagram, for each activity project, we should look
(a) what activities precede this activity?
(b) what activities follow this activity?
{c) what activities can take place concurrently with this activity?
(d} all of the above.
10. In PERT network each activity time assume a Beta distribution because
(a) itis a unimodal distribution that provides information regarding the uncertainty of time gstimates of activities.
(b) it has gotfinite non-negative arror.
(c) it need not be symmaetrical about model value.
(d) all of the above.
11. Thae critical path satisfy the condition that
(a) Ei=Liand Ej= L; (b) Li-E=Li-L
{c) Lj— Ej= Li— E;= ¢ (constant). {d} all of the above.
12. Fioat or slack analysis is useful for
{a) projects behind the schedule only. . {b} projects ahead of the schedule oniy.
{c)bothaandb. (d) none of the abova.
13. The activity which can be delayed without affecting the execution of the immediate succaeding activity is determined by
(a) total float, {b) free float. (¢)independent float, {d) none of the above.
14. Intime-cost-trade-off function analysis
{a) cost dacreases linearly as time increases. (b) cost at normal time is zero.
{c) costincreases linearly as time increades. (d} none of the above.
Answers
1. (a) 2.(d) 3.(c) 4. (d) 5. (d) 6. (b) 7.(a) 8.(c) 9.{a)
10. {a) 11. (a) 12. (a) 13. (b} 14. (a)
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